
Singular Value Decomposition

Singular Value Decomposition (SVD)

Any matrix A ∈ C
m×n can be factorized: A = UΣVH

U ∈ C
m×m,V ∈ C

n×n unitary matrices 1

Σ = Diag(σi)
min(m,n)
i=1 diagonal

σ1 ≥ · · · ≥ σmin(m,n) ≥ 0 are singular values: unique and square

roots of eigenvalues of AHA or AAH.

With U = [u1 . . .um] and V = [v1 . . . vn], sum of rank-1 matrices:

A =

min(m,n)
∑

i=1

σiuivi
H

1
UU

H
= U

H
U = Idm and VV

H
= V

H
V = Idn

69/133 SIC4102_2024



Singular Value Decomposition

"Economy size" SVD
If rankA = r, then σr+1 = · · · = σmin(m,n) = 0 and A =

∑r
i=1 σiuivi

H
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Singular Value Decomposition

Matrix norms

Write SVD decomposition: A = UΣVH Σ = Diag(σ), with singular

values vector σ =

[ σ1

...
σr

]

.

ℓ2 (or Schur/spectral) norm: ‖A‖2 = maxri=1 σi.

Prop: ‖A‖2 = supx 6=0

‖Ax‖2
‖x‖2

is the operator norm.

Frobenius norm: ‖A‖F =
√

∑r
i=1 σ

2
i .

Prop: ‖A‖F =
√

Tr[AHA] corresponds to scalar product

〈X,Y〉 = Tr[XHY].

nuclear norm (or trace norm): ‖A‖∗ =
∑r

i=1 σi

Norm on matrix ↔ norm on vector of singular values:
‖A‖2 = ‖σ‖∞ ‖A‖F = ‖σ‖2 ‖A‖∗ = ‖σ‖1
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Singular Value Decomposition

Eckart-Young theorem

Let A ∈ C
m×n or rank r and let ‖.‖ be either ‖.‖2 or ‖.‖F. Write

A = UΣVH the SVD.

The solution to:

min.
X∈Rm×n

‖A−X‖ s.t. rankX ≤ p

is given by Xp = UΣpV
H where Σ obtained from Σ by setting the r − p

smallest singular values to zero: σp+1 = · · · = σr = 0
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Singular Value Decomposition

Low-rank approximation
Example on on image

1 sing. val. 2 sing. val. 4 sing. val.

8 sing. val. 16 sing. val. 32 sing. val.

64 sing. val. 128 sing. val. All 512 sing. val.
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Principal Component Analysis

Maximizing variance

Random x ∈ Rn, centered, covariance C = E{xx⊤} = UΛU⊤ with
Λ = Diag(λi)

n
i=1 and λ1 ≥ · · · ≥ λn ≥ 0, U orthogonal.

Objective: find uncorrelated and maximal variance linear combinations of x
! find unit norm vectors (wi)

p
i=1 such that:

y1 = w1
⊤x : E{y21} is maximal → w1 = u1

Solution:
E{y21} = w1

⊤Cw1 yields:

w1 = arg max
|w‖2=1

w1
⊤Cw1 = u1

74/133 SIC4102_2024



Principal Component Analysis

Maximizing variance

Random x ∈ Rn, centered, covariance C = E{xx⊤} = UΛU⊤ with
Λ = Diag(λi)

n
i=1 and λ1 ≥ · · · ≥ λn ≥ 0, U orthogonal.

Objective: find uncorrelated and maximal variance linear combinations of x
! find unit norm vectors (wi)

p
i=1 such that:

y1 = w1
⊤x : E{y21} is maximal → w1 = u1

y2 = w2
⊤x : E{y2y1} = 0 and E{y22} is maximal → w2 = u2

Solution:
E{y22} = w2

⊤Cw2 and E{y2y1} = w2
⊤Cw1 = λ1w2

⊤u1 yield:

w2 = arg max
|w‖2=1,w⊤u1=0

w2
⊤Cw2 = u2
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Principal Component Analysis

Maximizing variance

Random x ∈ Rn, centered, covariance C = E{xx⊤} = UΛU⊤ with
Λ = Diag(λi)

n
i=1 and λ1 ≥ · · · ≥ λn ≥ 0, U orthogonal.

Objective: find uncorrelated and maximal variance linear combinations of x
! find unit norm vectors (wi)

p
i=1 such that:

y1 = w1
⊤x : E{y21} is maximal → w1 = u1

y2 = w2
⊤x : E{y2y1} = 0 and E{y22} is maximal → w2 = u2

y3 = w3
⊤x such that: E{y1y3} = E{y2y3} = 0 and E{y23} maximal

→ w3 = u3

. . .

Solution:
E{y22} = w2

⊤Cw2 and E{y2y1} = w2
⊤Cw1 = λ1w2

⊤u1 yield:

w2 = arg max
|w‖2=1,w⊤u1=0

w2
⊤Cw2 = u2
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Principal Component Analysis

Minimizing quadratic error

Random x ∈ R
n, centered, covariance C = E{xx⊤}

Objective: find p-dimensional linear subspace ⊂ R
n such that projection of

x minimizes quadratic error:

min.
w1,...,wp

E

{

‖x−

p
∑

i=1

(wi
⊤x)wi‖

2
2

}

where W = [w1 . . .wp] ∈ R
n×p orthonormal basis (W⊤W = Idp).
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Principal Component Analysis

Minimizing quadratic error

Random x ∈ R
n, centered, covariance C = E{xx⊤}

Objective: find p-dimensional linear subspace ⊂ R
n such that projection of

x minimizes quadratic error:

min.
w1,...,wp

E

{

‖x−

p
∑

i=1

(wi
⊤x)wi‖

2
2

}

where W = [w1 . . .wp] ∈ R
n×p orthonormal basis (W⊤W = Idp).

E

{

‖x−

p
∑

i=1

(wi
⊤x)wi‖

2
2

}

︸ ︷︷ ︸

minimize error

= Tr(C)−

p
∑

i=1

wi
⊤Cwi

︸ ︷︷ ︸

maximize variance

➜ similar to previous problem, same solution.
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Principal Component Analysis

Whitening

Random x ∈ R
n, centered, covariance C = E{xx⊤} = U

[
λ1

. ..
λn

]

U⊤

with λ1 ≥ · · · ≥ λn ≥ 0, U = [u1 . . .un] orthogonal.

Let y = W⊤x.

With PCA, W = [u1 . . .up]:

E{yy⊤} = W⊤CW =

[
λ1

. . .
λp

]

Data has been decorrelated.

With W =
[

u1 . . .up

]





λ
−1/2
1

. . .
λ
−1/2
p



:

E{yy⊤} = Idp

Data has been whitened.
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Principal Component Analysis

Empirical data point of view

X = [x1, . . . ,xT ] ∈ R
n×T : set of T vector samples

Empirical covariance Ĉ = 1
T
XX⊤

For any W = [w1 . . .wp] with orthonormal columns:

1

T

T∑

t=1

‖xt −

p
∑

i=1

(wi
⊤xt)wi‖

2
2

︸ ︷︷ ︸

quadratic error

= Tr(Ĉ)−
1

T

T∑

t=1

‖W⊤xt‖
2
2

︸ ︷︷ ︸

norm of projection

➜ minimize quadratic error ↔ maximize norm of projection
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Principal Component Analysis

SVD based PCA

Compute "economy size" SVD of set of T vector samples
X = [x1, . . . ,xT ] ∈ R

n×T :

X = UΣV⊤

where rankX = p and Σ =

[
σ1

. . .
σp

]

Empirical covariance: Ĉ = 1
T
XX⊤ = 1

T
UΣ2U⊤

➜ PCA readily obtained (vectors in U)

➜ W = UΣ−1 is a whitening matrix and Y = W⊤X

➜ If p < n, rows of X linearly dependent and Y ∈ R
p×T : dimension

reduction has been performed.
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Principal Component Analysis

Example on MNIST dataset
Original

Rel. err. 0.65

r=10

Rel. err. 0.37

r=50

Rel. err. 0.26

r=100

Rel. err. 0.11

r=300

Rel. err. 0.46 Rel. err. 0.26 Rel. err. 0.18 Rel. err. 0.06

Rel. err. 0.79 Rel. err. 0.57 Rel. err. 0.43 Rel. err. 0.17

Rel. err. 0.55 Rel. err. 0.34 Rel. err. 0.22 Rel. err. 0.09

Rel. err. 0.69 Rel. err. 0.38 Rel. err. 0.27 Rel. err. 0.14
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