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ABSTRACT

In this paper, the problem of testing impropriety (i.e., second-order noncircularity) of a
sequence of complex-valued random variables (RVs) based on the generalized like-
lihood ratio test (GLRT) for Gaussian distributions is considered. Asymptotic (w.r.t. the
data length) distributions of the GLR are given under the hypothesis that RVs are proper
or improper, and under the true, not necessarily Gaussian distribution of the RVs. The
considered RVs are independent but not necessarily identically distributed: assumption
which has never been considered until now. This enables us to deal with the practical
important situations of noncircular RVs disturbed by residual frequency offsets and
additive circular noise. The receiver operating characteristic (ROC) of this test is derived
as byproduct, an issue previously overlooked. Finally illustrative examples are pre-
sented in order to strengthen the obtained theoretical results.

Second-order noncircular complex random
variables

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

For complex-valued RVs, many papers (see, e.g., [1-4])
show that significant performance gains can be achieved by
second-order algorithms based on both C,=E®x") and
R, =Exx"). They exploit the statistical information con-
tained in C,, provided it is nonzero in addition to that
contained in the standard covariance matrix R,. These algo-
rithms face an additional complexity. Moreover, some such
algorithms (see e.g., [5]) adapted for improper or second-
order noncircular signals, i.e., with nonzero matrices C,, fail or
suffer of too slow convergence when they are used for proper
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or second-order circular signals. It is thus important to adapt
the processing to the properness of the observation.

Hence, the question arises as to how we can classify a
signal as proper or improper. This problem is a binary
hypothesis test Hy: C,=0 versus Hy: C;#0. In practice, as
the parameters R, and C, are clearly unknown, only the
GLR detector can be used. This detector was introduced
independently by Ollila and Koivunen [6] and Schreier
et al. [7] under the traditional assumption of independent
and identically distributed Gaussian samples (X;),_ 1, k-
But in these works, its performance was illustrated by a
Monte Carlo simulation only. Walden and Rubin-Delan-
chy [8] derived recently this GLRT as well by formulating
this testing problem in terms of real-valued Gaussian
random vectors. Note that they have also presented a
theoretical analysis of the null asymptotic distribution of
the GLR with several numerical studies based on Monte
Carlo simulations for the alternative distribution under
the Gaussian distribution of the signals. Furthermore,
there have been recent extensions of this GLRT to
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non-Gaussian RVs. Authors in [9] have extended this GLRT
to complex elliptically symmetric distributions, with a
slight adjustment by dividing it with an estimated scaled
standardized fourth-order moment. Then in [10], a GLRT
based on complex generalized Gaussian distributions
have been provided. These extensions make the GLRT
more robust to non-Gaussian distributions, but surpris-
ingly they do not improve the performance for sub-
Gaussian distributions [10], which include the majority
of applications in communications and radar.

The aim of this paper is to complement the theoretical
asymptotical analysis of [8,9]. The originality of our
approach consists in considering the null and alternative
asymptotic distribution of the GLR derived under the
Gaussian distribution, but used in practice under indepen-
dent not necessarily identically Gaussian distributed data.
This paper is organized as follows. The GLRT is recalled for
the convenience of the reader in Section 2. The asymptotic
distribution of the GLR under the hypothesis that RVs are
proper or improper is considered in Section 3, using the
asymptotic distributions of the circularity coefficients
given in [11]. This asymptotic distribution is given in the
scalar case and then extended to the multidimensional
case under the assumption of independent identically not
necessarily Gaussian distributed RVs. An interpretable
closed-form expression of the ROC is given in the scalar
case due to the simplicity of the asymptotic distribution of
the GLR. Then, extension of this study to independent
nonidentically distributed RVs is considered in Section 4.
This enables us to deal with practical situations of non-
circular RVs disturbed by residual frequency offsets and
additive circular noise. Finally some illustrative examples
are presented in Section 5. Note that some results of this
paper have been given in [12].

The following notations are used throughout the
paper. Matrices and vectors are represented by bold upper
case and bold lower case characters, respectively. Vectors
are by default in column orientation, while T, H and *
stand for transpose, conjugate transpose, conjugate,
respectively. vec(-) is the “vectorization” operator that
turns a matrix into a vector by stacking the columns of
the matrix one below another which is used in conjunc-
tion with the Kronecker product A ® B as the block matrix
whose (i, j) block element is g;;B and with the vec-
permutation matrix K which transforms vec(C) to
vec(CT) for any matrix C.

2. Generalized likelihood ratio decision rule

We assume that (x;),_;_x € C" is a realization of K
independent identically zero-mean complex Gaussian
distributed RVs. Their covariance matrices Ry =EXx")
and Cy=E(xx") are unknown. Consider the following
binary composite hypothesis testing problem:

HO . CXZO, Rx,

H] . CX#O, RX.

In the likelihood ratio, the GLR replaces the unknown
parameters R, and C, by their maximum likelihood (ML)
estimates. It is thus straightforward to derive its

expression which is given by [6,7]

L(X,K)déf P((Xy = 1,A.AK§Rx‘éval) _ det(R,)*

M

with lixd:ef(l/1<)sz:1xkx§;’ and li);déf(l/K)Zf:]f(kf(f

where %, ©'[x!,x]". The GLRT decides H; if
LK) > 4 2)

and otherwise Hy. In the scalar case N=1, the GLRT is the
UMP linearly invariant test [8]. But note that no uniformly
most powerful (UMP) C linearly? invariant test for
impropriety exists for N> 1 [8]. It becomes especially
simple

Lx,K) = (1—2) K/ 3)

with 9, = (1/K) Xk _ 1 K21/(1/K) YK _ 1 x| is the ML esti-

mate [13,11] of the circularity coefficient y, déf\E(xin JEIxi |2

By the increasing monotony of (3), the GLRT decides H; if
P> )

which is quite intuitive.

3. Asymptotic distribution of GLR for IID observations

Throughout this section, this GLRT is used for inde-
pendent identically zero-mean nonnecessarily Gaussian
distributed RVs (Xy);_1,. - For such non-Gaussian RVs,
decision rule (2) is no longer a GLRT. However, it generally
provides good performance in practice (see e.g., for the
detection of a known signal corrupted by noncircular
interference [14]) and is simple to implement.

3.1. Scalar complex random variable

Let x, be a scalar valued RV of arbitrary distribution
with finite fourth-order moments. We suppose that under
Ho, Xy is circular up to the fourth-order. Then, the follow-
ing result is proved in the Appendix:

Result 1. Under the respective hypothesis Hy and Hy, the
following convergences in distribution hold when K — co

K .
T R, ®)
+7
2
VK@ 1) 5N (©0,62) if 3, #1. )

In (5) and (6), R(1) and N(0,02) denote the Rayleigh
distribution with unit scale (i.e., the chi distribution with
two degrees of freedom y,) and the zero-mean Gaussian

2 C linear transformations include rotation and scaling, but not
widely linear operations.

3 This means that not only E(x2)=0, but also the fourth-order
cumulants satisfy cum(xy, X, X,Xx) = 0 and cum(x, XX, X;) =0 [15]. We
note, it is possible that E(xﬁ):O with cum(xy,Xg,Xy,Xg)#0 or cum(X,Xy,
Xi,X;)#0. In this case, the asymptotic distribution of §, is much more
involved (see the proof of Result 1 in the Appendix).
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distribution with variance 05, respectively, with

K 2R(xc,
0% = (192 +73r+ % + 2( o

292R(K"y) if 659&0,
(7

where under Hg,ky is the normalized-like cumulant
cum(xk,xk,xz,x;)/(Eﬂxk|2))2, and under Hqkyk, and
K’y are the normalized-like cumulants cum(X,X,X;,X})/
(E(X*)?, cum(Xp, X XioXi) /(E(x2))? and  cum(X, X, X, X5)/
E(1x1%) E(xﬁ), respectively, which are invariant to any
rotation of the distribution of xy.

Naturally general expression (7) of 05 simplifies for
certain complex distribution classes for which the nor-
malized-like cumulants xy, k}, and "y are redundant. For
example, the following result is proved in the Appendix.

Result 2. For generalized complex elliptically symmetric
distributions (GCES)* introduced in [16] in the multi-
dimensional case, (;,/2, (7) reduces to

?:1_22(1 Kx > 8
ot =037 (14575 ®)

Remark 1. This theoretical result means that the esti-
mate 7, is approximately Rayleigh (of scale (1 +xx/2)/K)
or Gaussian N(yx,af,/K) distributed under Hy and Hj,
respectively, for K > 1. Furthermore the domain of validity
of this approximation depends on y, and a% through the
approximate relation y,—20,/+/K > 0. For practical use of
this result, i.e., for probability of detection Pr#1 and
probability of false alarm Pga #0, note that the distribu-
tion of 9, under Hp and H; must overlap. This is roughly
achieved for y,—~20,/vK <4,/T+Ky/2/V/K as illustrated
in Fig. 1.

Remark 2. For rectilinear RVs, y, =1 and thus x; = riei
where 1y is a real-valued RV and with ¢ fixed. In this case,
the circularity coefficient y, is perfectly estimated, i.e.,
7, = 1. Consequently, the detection problem is singular
and for a threshold A’ close to 1, Py and Pga are equal to
1 and 0, respectively.

Remark 3. Note that 05 can be zero with y,<1 (an
example of such a situation is given in [11]). In this case,
the sequence K(j,—v,) converges in distribution [17,
Theorem B, p. 124] to a Hermitian form rQr, with r a
two dimensional zero-mean complex Gaussian RV. The
distribution of this Hermitian form is defined by the right
hand side of (17). But our first-order analysis does not

allow one to specify the matrix £2.

Remark 4. Note that for y, close to zero and K> 1,
2InL(x,K) = —KIn(1 —)7)2() %Kf)i. Furthermore for Gaussian
distributed x;, xx = 0. In these conditions (5) gives

2InL(x,K)5 72 under Ho. )

This asymptotic property is consistent with the constant
false alarm rate (CFAR) detector where the number 2 of
degree of freedom of the chi-squared distribution is equal to

the number of real-valued components of cx‘jéfE(xﬁ), given

4 Which include the Gaussian distribution.

Péa

0 ' A ! 172 1 v
1 (207/K1/2) 4 [1+/2)/K] V(QGV,K y Tx

Fig. 1. Approximative probability density function (PDF) of 9, under Ho
and H,.

by Wilk's theorem [18, p. 132].°> But for non-Gaussian
distributions, detector (4) is no longer asymptotically CFAR.
From the practical point of view, similarly as [9], by dividing
the test statistic 9, with /1+%kx/2 where Ky is any
consistent estimate of ky, we obtain an adjusted GLRT
which becomes asymptotically CFAR. Hence, once the
threshold is fixed for a given Pgs, the obtained Pp will
depend naturally on the unknown parameters 7y, and 65 (7).

Remark 5. For Gaussian distributed RVs, the normalized-
like cumulants xy, K}, and K"y are zero. Thus the variance
63 of the asymptotic distribution of $, under the hypoth-
esis H; given by (7) and (8) becomes equal to (1—y2)2. It is
a decreasing function of y,. Consequently for a fixed Pga,
i.e., for fixed threshold 4, Pp is an increasing function of y,
that does not depend on the power of x,. This property is
very intuitive.

For arbitrary, not necessarily Gaussian distributions of
Xy, Result 1 allows us to derive

- ” Ki?
Pen =Py > 4 [Ho) ~ Qs | — 5z |
1+
2
L N
PD=P(~/X>A/H1)wQN<(G/X) :
:

where ng(-) and Q,/(-) denote the complementary cumu-

lative distribution functions (i.e., Qf(x)d:ef [;“ f(t) dt where
f() is the associated probability density function) of the
chi-squared distribution with 2 degrees of freedom and of
the zero-mean, unit-variance Gaussian distribution,
respectively, and where ¢, is given by (7). Eliminating

the threshold A" between Pra and Pp gives the following

5 Note that this theorem has been used in [8,13] for vector and
scalar cases to directly derive asymptotic distribution (9).
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closed-form expression of the ROC of GLR detector (4)

(15 Q5 e -V,
Pp~Qy - . (10)

oy

From this expression, we clearly see that for fixed Pga, Pp is
an increasing function of the data length K and for
Gaussian distributed RVs, an increasing function of the
circularity coefficient y,.

3.2. Multidimensional complex random variable

In the multidimensional case (N > 1), Result 1 cannot
be easily extended as explained in the Appendix where
we can only prove for arbitrary distributions with finite
fourth-order moments the following result.

Result 3. Under hypothesis Hy, the following convergence
in distribution holds when K — oo for the decision statistic
0%, K) & Lx, K 2/K

VK(I(x,K)—1)5N(0,6%) under Hj, (11)

where the expressions of ¢; and o? are derived in the
Appendix.

Remark 6. Note that for the Gaussian distribution, i.e., for
the only distribution for which the decision statistic L(x,K)
given by (1) is a GLR, Wilk’s theorem [18, p. 132] applies®
and gives

2InLx,K)5 7341, under Ho. (12)

The degree of freedom of the chi-squared distributions is
equal to the number N(N+1) of real-valued independent
parameters in the Hermitian matrix C,. Under Hy, in the
particular case where C, is “close” to 0 (see a more formal
definition in [19, Chapter 23.7]), the analysis of [20,
Section II] is valid and gives the following approximation
of distribution when K > 1:

2InL(x,K) ~ yN(NH)Z(,u) under Hj.

In this expression, yyu,1,2(4) represents a noncentral
chi-squared distribution with N(N+1) degree of freedom
and noncentral parameter u. This parameter is a measure
of the discrimination between H, and H;. A general
expression of this parameter which depends on K is given
by [20, exp. (4)].

4. Extension to nonidentically distributed RVs

For practical purposes, RVs are not always identically
distributed. In particular, when noncircular RVs are dis-
turbed by residual frequency offsets and additive circular
noise, RVs could be seen as circular depending on the
signal to noise ratio (SNR) and the number K of samples.
So in this section, we still consider the previous GLRT that
has been derived under the assumption of independent
identically zero-mean complex Gaussian distribution.

5 Note that Wilk’s theorem has been invoked in this context in [8,9].

But it is used here for independent zero-mean nonneces-
sarily identically Gaussian distributed RVs’ (x); _ 1.
take account of the dependence of the distribution of Xy

with k, the following notation is used: rxkdﬁfE\xk|

def . def — def
k= E(xD), Ty =(1/K) Sk_1Txk Cxk =(1/K) Sk oo
cumx,kdéf cum(Xy, X, Xz, X)) cum;,kdéfcum(xk.xk,xk,xk) and
cum”x,kd:elr cum(Xy, Xy, Xp, Xj)-

For arbitrary distributions with finite fourth-order
moments such that the following Lyapunov conditions
[21, Theorem 2.7.2] are satisfied®:

E||x2|—1y i
Khm Z k=1 [l k x,k|
(K R~ T?)

K 2 3
lim Zk =1 E|Xk _Cx,k|
K—oo K 2
(\/ k=1 E((X%_Cx,k) )

where Tk, Cxk, CuMyy, cum;, and cum’y, are bounded
and where we suppose that under Hp, (X)—1..x are
circular up to the fourth-order, the following result
extending Result 1 is proved in the Appendix.

¥ =0 and

¥ =0, (13)

Result 4. Under the respective hypotheses Hy and H;, the
following convergences in distribution hold when K — oo

K

W‘J}XAR(AI)- (14)
oK +—5—
2
07k Gx=7x10) SN(O,1), (15)

where o % (1 /rx ©A/K) Zk_] ik and ;cxK = (1 /rx (1 /K)
Sk cumyy, Yxk 1S the time-averaged circularity coeffi-

cient [Tkl /T = 1(1/K) S0 -1 ExI/(1/K) 3o _ 1 Elx|* and
where the expression of o,k is derived in the Appendix.

Remark 7. Clearly for identically distributed RVs, 1y =
Ty =Ty CUMy, /T2 =Ky and thus ax =1 and Kyx = Ky in
(14) and Result 3 reduces to Result 1 under Hy. Under Hj,
the derivation of 0}2,'K(23) in the Appendix comes down to
the proof of (6), (7) given in [11] for identically distributed
RVs where 6, = 6, /K.

5. Illustrative examples

This section has two purposes. First, we examine the
domain of validity of our asymptotic results, and second,
we study the performance of the GLR detector in a specific
example.

The following MIMO channel (extension of the exam-
ple given in [7]) that transmits Q independent equiprob-
able BPSK symbols a, € {—1,+1} over an additive noise
channel is considered. It also rotates independently the
phase of the transmitted symbols ag, by ¢4, and are

7 We only consider scalar complex-valued RVs, because the exten-
sion to multidimensional complex-valued RVs would involve overly too
cumbersome notations.

8 Which are not severe and are clearly satisfied for the RVs described
by (16).
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disturbed by residual frequency offsets Af;.

Q S
X = Z O'qaq,l<el¢q'k ei2mkAf Sq+1y, (16)
q=1

where o4 and s; are Q unknown amplitudes and steering
vectors with unit first component. The components of n;
are independent zero-mean complex circular Gaussian RV
of unknown variance 2.

We consider three experiments. In the first one, there
is no residual frequency offset and under Ho and H;, we
assume that the phase terms (¢gu)i—1, kq=1..0 ar€
independent and, respectively, uniformly distributed on
[0,27] or Gaussian distributed with mean ¢, and variance

0[2/) . So we are interested in classifying this channel as
q

either incoherent or partially coherent. This is a binary
composite hypothesis testing problem. We easily deduce
that

Q
Re= Y agsgsh +aalg
g=1

and

0 under Hy,

Cy= Q . 252
2 20 Ty, T
>g—104€ P0e Tlasgsy under H;.

For Q=1 and N=1, xx=-1/(1 +p;1)2 under Hp and y, =

e J(14pN o= —(+e /(14 pg")? K=e "

-3 and K’y =-2/(1+p;!) under H;, with an SNR of
pEol/al.

Fig. 2 shows the detection performance Py, for different
fixed Pga for N=Q=1 as a function of the SNR for two
values of 64, deduced from the asymptotic distribution of
7, given by Result 1. We see that the Pp for fixed Pga is
very sensitive to the coherence of the channel. When o,
increases for a fixed SNR, the circularity coefficient y,
decreases and detection worsens.

In the second experiment, model (16) with N=Q=1 is
compared to the Gaussian model obtained when ¢, , does
not depend on k and a;; are independent zero-mean
complex circular or real-valued Gaussian RVs under Hg

1

09} ]
08} %W 09 ]
07} ]
06} ]

o 050 1
04| PFA=10"1— PFA=10"" ]
0.3| PFA=102—— PFA=10 "2 ]
02| PFA=10" PFA=10"° |
01| PFA=107* PFA=10"* ]

50 20 10 0 10 20 30

Fig. 2. Pp for four different fixed Pea and two values of o, as a function
of SNR for N=Q=1 and K=100.

and H,, respectively. Fig. 3 shows the northwest corner of
the ROC curve for the GLRT detector for K=100 and
p,=0.63 (—2 dB) for BPSK model with a coherent chan-
nel (i.e., o4 = 0) and Gaussian model, and thus associated
with the same value of y, =0.387. We note that the ROC
curve is sensitive to the distribution of the RVs x,
the performance is improved for the BPSK model w.r.t.
the Gaussian model and that the empirical ROC fits the
asymptotic theoretical ROC for the relatively small data
length K=100.

Fig. 4 shows the ROC curve for the GLRT detector
for the same parameters as in Fig. 3, but with four
residuals of frequency offset Af; for which 1y, =Txx =
02 +02, = olelit etk 221t @2miK=D)Af
(sin2ntKAfy/ sin2nAfy),

Cxx =

Y 1 1 [sin27KAf;
VxK= T pTK | sin2nAf

0.95¢}
0.9 ! —— Theoretical BPSK model
T + Simulated BPSK model
(=] 1
o *,' - - - Theoretical Gaussian model
0.85 .' = Simulated Gaussian model
1
U
0.8
0.75

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
PFA

Fig. 3. Asymptotic theoretical and empirical (with 10 000 Monte Carlo
runs) ROC curve associated with BPSK and Gaussian model.

03F : : : i
0.2 : E
0.1 —Theoretical Gaussian model | ]
' = Simulated Gaussian model
0

0 01 02 03 04 05 06 07 08 09 1
PFA

Fig. 4. Asymptotic theoretical and empirical (with 10 000 Monte Carlo
runs) ROC curve associated with Gaussian model for four values of KAf;.
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09+
0.8}
0.7
0.6

04}
0.3}
0.2}
0.1}

20

Fig. 5. Asymptotic theoretical and empirical (with 10 000 Monte Carlo
runs) Pp, for four different fixed P and two values of A¢ as a function of
SNR for N=Q=2 and K=100.

and cum,; = 0 for a Gaussian signal. Comparing to Fig. 3,
we note in Fig. 4 a degradation owing to the frequency
offset for which the time-averaged circularity coefficient
gets closer to zero under H;. The performance of the
detector begin decreasing from KAf; =0.002 for which
Pra=0.1 and 0.05 are obtained for Pp=0.980 and 0.960,
respectively, against Pp=0.989 and 0.970 for no residual
frequency offset. The detection capability collapses for
KAfi =0.5 where the time-averaged circularity coeffi-
cient y,,=0. We see also that the empirical ROC fits
the asymptotic theoretical ROC for the relatively small
data length K=100.

Finally in the third experlment we consider the multi-
dimensional Gaussian model® (qbq d)q « does not depend
on k and ag are independent zero-mean complex circular
or real-valued Gaussian RVs under Ho and H;, respec-
tively), with no residual of frequency offset. Here, Q=2,
01 =0,, with an array of N=2 omnidirectional sensors
equispaced half a wavelength apart. The direction of
arrival with respect to broadside of the two sources are
01 =0° and 60, =5°. Fig. 5 shows the detection perfor-
mance Pp for different fixed Pga as a function of the SNR
for two values of A(j)défq&]—q’)z. Pp and Pga are deduced
from the asymptotic distribution of I(x,K) under H; given
by Result 4 and of 2InL(x,K) under Hy, given by (12),
respectively. We see that the GLRT is very sensitive to A¢.
In particular for very close DOAs (i.e., s; ~s,) and equi-
powered sources, C~0 under H; for A¢ =m/2 radians,
which implies a very bad capability of circularity detec-
tion. Furthermore we see that the empirical Pp fits the
asymptotic Pp for the relatively small data length K=100,
except for weak Pp.

9 We note that in this case under Ho, the asymptotic distribution of
the test statistic is only available for Gaussian distributions of the RVs
(see (12)). In this case, this test is asymptotically CFAR and once the
threshold is fixed for a given Pga, the obtained Pp derived by (11) will
depend naturally on the unknown parameters ¢; = det[l—(R;] Cx)*R;] C]
and o? derived in the Appendix.

6. Conclusion

In this paper, some new enlightening results about the
asymptotic distribution of the GLR for impropriety of
complex signals have been investigated. The associated
GLRT derived under the usual assumption of independent
identically distributed Gaussian RVs is studied under
nonnecessarily identical Gaussian distributions of the
RVs. For the scalar case, the asymptotic distribution of
the circularity coefficient has been given under Ho and H,
for independent identical or independent nonidentical
arbitrary distributions of the RVs. In particular this allows
us to deal with the important practical situations where
discrete RVs are disturbed by residual frequency offsets
and additive Gaussian circular noise which has never
been considered until now. For the multidimensional
case, the asymptotic distribution of the GLR has been
given under H, for independent and identically arbitrary
distributions of the RVs. These results enable us to specify
the probability of detection for a specified probability of
false alarm, and thus to derive the ROC of this test, an
issue previously totally overlooked.

Appendix

Proof of Result 1. Under Hy, (6) is directly issued from
[11, Result 3]. But under Hog, [11, Result 3] is not valid
because it does not holds for y,=0. Nevertheless the
analysis of [11] still applies. The classical central limit'°
applied to the independent identically distributed bidi-
mensional complex RVs (Fx,Cx) with 7y =(1/K) Zk,] x2|
and é, = (1/K) YK _ x2 yields for y, =0

Fx—Tx \ ¢ 0\ [ ot+cumy cum,*
ﬁ(@—q) —Ne <<0>< cum’y 204 +cumy /'

0% 4cum, cum’y a7
cum’y cum;, !
where oZdEfE|x l, cumxd_fcum(xl< Xk, Xg,Xp), cum, d—fcum(xk,

XX Xy) and cum”xd_ cum(xy, X, Xi,X;). Then, considering
the mapping

Cx
(Fx,Cx) 1, = r—'—’"/x [1H1x], (18)
whose differential of the first step is
dm= %dc (19)

under Hy, the standard theorem of continuity (see e.g.,
[17, Theorem A, p. 122]) on regular functions of asymp-
totically Gaussian statistics applies. Consequently, we
obtain the following convergence in distribution to a
complex zero-mean Gaussian distribution of variance
(1/0H) (204 +cumy) and pseudo-variance (1/0%)cumy;

(20)

VK~ 0)—>Nc<0 2+C“mx,ciT")
X

X

10 A7¢(m,R,C) denotes the complex Gaussian distribution with mean
m, and covariances R and C.
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This complex Gaussian distribution becomes circular
(cum, =0) for x, circular up to the fourth-order. With
7, = |hx|, convergence in distribution (5) is proved. O

Proof of Result 2. From [16], the GCES distribution of x;
is defined in the scalar case from the distribution of the
real-valued bivariate RV (R(x,),3(x,)) which is real ellip-
tical symmetric (RES) distributed. In the zero-mean case,
this RES distribution is defined as a linear transform in R?
of a spherically symmetric distribution [22]. Consequently
as a linear transform in R? is equivalent to an R-linear
transform in C [23], x, is zero-mean GCES distributed, if
there exist complex valued scalars a and b such that
X, = auy+bu; where uy is an arbitrary complex circular
RV. Consequently the cumulants of x; satisfy the following
relations:

2 252 2 2
cum(Xy, X, X, Xg) = ((lal +|b|%)* 4 2|a|*|b|)cum(uy, uy, Uy, up),
CUM(Xy, X, Xk, Xie) = 6a2 b cum(ug, Uy, uj, uj),

CUM(Xy, X, X, X5) = 3ab(|al? + b2 ycumi(uy, uy, Uk, ug).
Using
Elxil* = (la* + b*)Elu* and E(x7) = 2abEJuy|,

the normalized-like cumulants ), and k”x become

/ i 3
o= ()
Plugging these expressions in (7), gives expression (8) of
Result 3. O

Proof of Result 3. With [(x,K):det[I—(R;jéx)*li; '€,

from (1) where dezef(l /K) fo: 1 XX, the proof of Result

2 follows the same steps that for Result 1.
Deriving the asymptotic distribution of ¢(x,K) under Hqy
and H; is based on the following mapping:

R €)My =R, i 5y = NN - £x,K) = detT— 5.
21

Using the asymptotic Gaussian distribution of (Ry,Cy) [3,11]
derived from the classical central limit theorem, the differ-
ential of the different sub-mappings of (21), the chain rule
and standard properties of the vec operator [24, Chapter
2.4], the standard theorem of continuity (see e.g., [17,
p. 122]) on regular functions of asymptotically Gaussian
statistics applies.

In particular under Hy, where Xy is circular up to the
fourth-order, the differential of M, at (R,,Cx)=(R,,0) is
similar as (19), given by

dMy = —R;' dRR;'C,+R;' dC, =R, dC,,

vec(dM,) = (I ® R; Hvec(dCy). (22)
Consequently, (20) becomes here

\/R(VEC(MX)—O) iNc(o,RM,CM)

with

Ry=I®R,)RcI®R,") and Cy=A®RCADR,),

where R and Cc are thq covariance matrices of the
asymptotic distribution of Cy given [11] by'!

Rc =Ry @ Ry+KRy ® Ry)+Q, and
Cc=CGCG+KG® Cx)+Q;<.

for which here C-=0. Consequently Cy;=0 as in the scalar
case, My is still asymptotically circular Gaussian distrib-
uted under Hy for X circular up to the fourth-order and
the differential of the mapping My 2, at M,=0 is still
zero. But in contrast to the scalar case, the derivation of
the asymptotic distribution of ¥, needs the second
differential of this mapping, which is not accessible by
our first-order analysis.

Under H,, with the differential of the mapping (Ry,Cx)—
M, at (Ry,Cy) derived from (22)

dM, = —R;' dR,R;'C,+R;" dC;,

vec(dM) = —(CR; 1) ® R; Hvec(dRy)+ (I ® R; )vec(dCy)
défDM,R vec(dRy)+ Dy ¢ vec(dCy),

we obtain from the noncircular Gaussian asymptotic
distribution of (Ry,Cx)

o . 0 RR RR,C
JE(vec(Rx,Cx)—VeC(Rx,Cx))—>NC((0) (R?’C Rc >

Cr  Cre
Cic C /)

whose expressions of Rg, Rr ¢, Cr and Cgc are given in [11],
the following convergence in distribution by the standard
theorem of continuity (see e.g., [17, Theorem A, p. 122])

VE(vec(N)—vec(M)) 5 N c(0,Ru,Cu),
with

Rr  Rgc D&
Ry = Dwmr. D) R, Re ot |
, M.C

Ck  Cre DTM’R
Cy = (Dy,r. D) . C ol |-
: M.c

Then consider the differential of the mapping M, —3, =

MM, at M,

dXy =M dM,+dM;M,,

vec(dX) = (I ® My)vec(dMy))+ (My ® I)vec(dMy)
d=EfDZ,Mvec(de)+DZ‘W vec(dMy),

which gives the following asymptotic distribution:

VK(vec(3,)—vec(Z,) 5 Nc(0.Rs, Cs,),

with

Ry Cy DY
R = D ;D * £ * ' y
5, =Dzm.Dzm-) ( C, R > <DI;,M*

1
T Where (Q)iy -1+ -1k = CUM X i XijoXE X5 ) and Qi -1y
K,k + (1= 1K = cum(Xp i, Xy j, Xk, 0. Xk 1) With X = (Xg 1, - - - Xpn)' -
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Cv Ry Dy
Cs. =(Dxm,Ds p+ " ’
> = DxmDzm )< R, C ) DE,M*

Finally, consideringA the differential of the mapping
Zxr—>€(x1<) det[I-2,] at 2y

de = —det[I-Z,JTr[(1— 2, 'dZx]

= —det[I-Z,vec" (- 2T) " vec(dZ) XD, ; vec(dE,)

from [24, Theorem 1, p. 149], the convergence in distribu-
tion (11) follows with 6% =D;yCy, D]y =D;yRy, D} and
= det[I-(R; 'C,)*R; 1Cy] <1 derived from (1). O

Proof of Result 4. To derive the asymptotic distribution
of the GLR and then to extend the results of Section 3.1,
we replace the classical central limit theorem with the
Lyapunov theorem (see e.g., [21, Theorem 2.7.1]) by
checking that the Lyapunov conditions (13) are satisfied
for the sequence of zero-mean RVs |x2 |y, and X2 —Cy .. In
fact the Lyapunov theorem'? is valid for zero-mean real-
valued scalar RVs u,. To extend it to the zero-mean
complex-valued multidimensional RV (IX2|—ry X2 —Cy ),
we must elaborate a little bit. First, the extension of the
Lyapunov theorem to zero-mean real-valued multidimen-
sional RVs u, is straightforward by the application of the
Cramer-Wold theorem [21, Theorem 5.1.8] for which the
sequence R, }{2 K_,u, converges in distribution to a
zero-mean, Gaussian dlstrlbution /\/R(O I) where RZ/I? is an
arbitrary square root of RuK_ Zk,lE(ukuk) Then the
Lyapunov theorem applies to the zero-mean complex-
valued multidimensional RV (|x,€|—rxk x,(—cx k), due to
isomorphism between C and R2. Here, using [25,
Theorem 1], there exists a sequence of 2 x 2 matrices Ag
such that

A <r” M) LNC(OLA),

Cx—Cxk
with A is diagonal such that

s = o2
Elry—Txkl

E(fx—?x K)(ex—fx K)*
AAR = O : 0,
K (E(CXCX.K)(rxrx,K)* )

E|€X*EX,K‘2

E(fx _FX,K )2

E(EX_EX,K)(FX_?X,K)

E(fx_Fx K)(éx _Ex K)
AgAAL = o =,
K K < E(CX_EX,K)Z >

where the terms of those two matrices are given by

E(Fx—Txi)* = 1<z Z (cumy g+l +1),

Elex—Cukl” = Kzz<cumxk+2rk)

12 That we restate for the ease of the reader. If 1 is a sequence of
zero-mean scalar real-valued RVs that satisfies limg_, o, zf:] Elu?/

3
(w/zf=1 E(uﬁ)) =0, the sequence >K_, up/\/Sk_, E?) converges

in distribution to a zero-mean, unit variance Gaussian distribution
Nk(0,1).

E(@x—Cxx)? = K2 Z(cumx,<+2ck)

E(Cx—Cxi)(Fx—Txk) = 32 Z(Cum xk T 2CkT).
k=1

Under Ho where the moments of (x),_;,__x are circular
up to the fourth-order, ¢,=0, cum;, =0 and cum”’y; =0,
the delta method [21, Chapter 2] derived from the
standard theorem of continuity applied to the mapping
(18) with the associated differential dm = —(c/r?)dr+
(1/rdc gives here dm = (1/r)dc and after straightforward
algebraic manipulations

K

N ExK L
My—=—— ) >N¢(0,1,0).
1 1 (X rx,K> c( )

1
(r K)z K Zk =1 < X, k+2cumx k)

With yX'K = \EX,K| /Txx, which is the time-averaged circu-
larity coefficient, (14) is proved. O

In the same way, under Hy, (15) is derived from the
steps of the Appendix of [11] from the delta method using
the two associated differentials

c 1 1 " X
dm=—dr+_dc and dy= 2 (m*dm+mdm”),

—%

_ 2 _ 1 — C’Z‘-K
. C C 7
Mo 7x,K —(_ 7)2<,K _ AKA? (Y%
TxK Tk Txk .
" xK

1Y def
+0<K> =TIm, I(+0<K>
_ Gk

_ 2 — =
= Cxk Cxx 1 T Tk
E<mx—F—> =|—-—= r— AKAA 1
x,K rx K x,K =

TxK

1 1
+O<K> difcm 1(+O<K>

Then (15) follows with o,k is given by

Cuk
o2 1 c§ Kk Cxk [ Tmk Cmk Tk 0
VK= = * * c .
/ 4 ))x K x Kk Txk Cmk  Tmx FZ,"K

xK

(23)
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