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Widely Linear (WL) Minimum Mean Square Error (MMSE) estimation has received a great
interest these last 20 years for second order (SO) noncircular signals. In the context of
radio communications networks, it has been shown in particular that WL MMSE receivers
allow to implement Single Antenna Interference Cancellation (SAIC) of one rectilinear
interference, such as Binary Phase Shift Keying (BPSK) or Amplitude Shift Keying (ASK)
interference, or of quasi-rectilinear interference, such as Minimum Shift keying (MSK),
Gaussian MSK (GMSK) or Offset Quadrature Amplitude Modulation (OQAM) interference,
hence their great interest for Global System for Mobile Communications (GSM) cellular
networks in particular. However, one may wonder whether WL MMSE receivers remain
attractive for SO noncircular nonrectilinear interferences, not so scarce in practice. The
purpose of this paper is mainly to answer to this important question by giving, in a self-
contained and unified way, some new insights into the behavior, properties and
performance of the WL MMSE beamformer in the presence of arbitrary noncircular
signals and interference which are not necessarily rectilinear. It is shown in particular
that, surprisingly, WL MMSE receivers lose their practical interest for strong interferences
which are not rectilinear. This breakthrough thus generates a new open problem for the
choice between linear and WL MMSE receiver corresponding to the detection of
rectilinearity (and/or quasi-rectilinearity), instead of noncircularity, in a given noisy
observation. Although this question is out of the scope of this paper, we finally propose
preliminary tools based on blind source separation methods to solve this problem.

& 2013 Elsevier B.V. All rights reserved.
1. Introduction

WL MMSE estimation has received a great interest
these last 20 years for SO noncircular (or improper) [27]
signals [28,7,11–13,6,21,25,30]. In the context of radio
communication networks using rectilinear modulations
All rights reserved.
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33.
such as BPSK or ASK modulations [29], it has been shown
in particular in [7,11–13,21] that the WL MMSE receiver
allows one to implement SAIC of one intra-network inter-
ference in contrast to linear MMSE receiver. This SAIC
concept can also be implemented for radio communication
networks using quasi-rectilinear modulations, i.e., modu-
lations whose complex amplitude can be considered, after
a derotation operation, as a filtered version of a rectilinear
modulation, such as MSK, GMSK or OQAM modulations
[29], hence its great interest for GSM networks in parti-
cular [31,26].

However, one may wonder whether WL MMSE recei-
vers remain attractive for SO noncircular interferences
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3 Note that the signals are not necessarily SO stationary.
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which are not rectilinear, nevertheless not so scarce in
practice. Such signals may correspond, for example, to
frequency bins of speech signals as discussed recently in
[1,2] or to rectangular QAM modulations [29], which may
present a potential interest in multi-user contexts asso-
ciated with WL receivers, similar to the advantages of ASK
over QAM modulations presented in [24,21]. An other
example of nonrectilinear noncircular signal seen by the
receiver appears after the SO statistics estimation, over a
finite interval duration, of a rectilinear or a quasi-
rectilinear (after a derotation) signal having a nonzero
frequency offset [8].

The scarce papers dealing with WL receivers in the
presence of noncircular nonrectilinear signals correspond
to [1,2] for noise reduction of speech signals and to
[22,23,9,10] for radiocommunications. Papers [22,23] limit
the analysis to a specific case corresponding to mixtures of
Pulse Amplitude Modulated (PAM), i.e., rectilinear, and
QAM, i.e., SO circular, signals. Papers [9,10], written by the
authors, are conference papers associated with the present
paper which introduce sparsely some materials of the
paper. Moreover the absence of guiding line in [9,10] to
enlighten the breakthrough between rectilinear and non-
circular nonrectilinear strong interferences may prevent
the reader of these papers to catch the main message.

In this context, the purpose of this paper is mainly to
give, in a self-contained, coherent, unified, guided and
progressive way, some new insights, some of which are
borrowed from the conference papers [9,10], into the
behavior, properties and performance, in terms of output
Signal to Interference plus Noise Ratio (SINR) and Symbol
Error Rate (SER), of the WL MMSE beamformer in order to
evaluate its practical interest for noncircular signals and
interferences which are not rectilinear. It is proved in
particular that, surprisingly, WL MMSE receivers lose their
practical interest for strong interferences which are not
rectilinear. This breakthrough thus generates a new open
problem for the choice between linear and WL MMSE
receiver corresponding to the detection of rectilinearity (or
quasi-rectilinearity), instead of noncircularity, in a given
noisy observation. Although this question is out of the
scope of this paper, we finally propose preliminary tools
based on blind source separation methods to solve this
problem.

This paper is organized as follows. After the introduc-
tion of some hypotheses and data statistics in Section 2,
Section 3 recalls the WL MMSE beamformer and presents
some of its properties and performance in arbitrary SO
noncircular context. A detailed analysis of its performance
and practical interest for noncircular nonrectilinear signal
and/or interferences is presented in Section 4. Section 5
describes preliminary tools for rectilinearity (or quasi-
rectilinearity) blind detection. Finally, Section 6 provides
a discussion and some concluding remarks.

2. Hypotheses and data statistics

2.1. Hypotheses

We consider an array of N narrow-band (NB) sensors
and we denote by xðtÞ the vector of complex amplitudes of
the signals at the output of these sensors. Each sensor is
assumed to receive the contribution of a signal of interest
(SOI) corrupted by a total noise (potentially composed of
interferences and background noise). Under these assump-
tions, the observation vector xðtÞ can be written as follows:

xðtÞ ¼ sðtÞsþnðtÞ ð1Þ

where s(t) corresponds, within a potential frequency off-
set, to the complex amplitude of the SOI, assumed to be
zero mean and potentially SO noncircular, s is the steering
or the channel vector of the SOI (whose first entry is
constrained to be one) and nðtÞ is the total noise vector
assumed to be potentially SO noncircular and statistically
uncorrelated with the SOI s(t). Note that model (1) seems
to assume propagation channels with no delay spread,
which occurs, for example, for free space propagation
(spectrum monitoring from plane, unmanned aerial vehi-
cle or satellite) or flat fading channels (spectrum monitor-
ing in some urban radio communication situations).
However, it may also take into account propagation
channels with delay spread for which uncorrelated multi-
paths are processed as particular interfering sources.

In order to introduce WL filtering in the following, we
define the extended observation vector ~xðtÞ ¼def ½xT ðtÞ;
xHðtÞ�T , where T and H means transpose and conjugate,
respectively. Using (1) we obtain

~xðtÞ ¼ sðtÞ~s1þsnðtÞ~s2þ ~nðtÞ ¼ S~sðtÞþ ~nðtÞ; ð2Þ

where ~nðtÞ ¼def ½nT ðtÞ;nHðtÞ�T , ~s1 ¼def ½sT ;0T
N �T , ~s2 ¼def ½0T

N ; s
H �T , 0N

is the N � 1 null vector, S¼def ½~s1; ~s2� and ~sðtÞ ¼def ½sðtÞ; snðtÞ�T .
2.2. SO statistics

The SO statistics (SOS) of xðtÞ, which are exploited in
the following, correspond to matrices Rx and Cx defined by

Rx ¼def 〈E½xðtÞxHðtÞ�〉¼defπsssHþRn; ð3Þ

Cx ¼def〈E½xðtÞxT ðtÞ�〉¼defπsγsssT þCn; ð4Þ

where 〈 � 〉 denotes the time averaging operation,3 with
respect to t, over the window ½�T0=2; T0=2�, πs ¼def 〈E½jsðtÞj2�〉
is the time averaged power of the SOI received by the first
sensor, γs ¼def 〈E½sðtÞ2�〉=πs ¼def jγsje2iϕs , such that 0r jγsjr1, is
the time averaged SO noncircularity coefficient of the SOI
seen by the receiver, Rn ¼def 〈E½nðtÞnHðtÞ�〉 and Cn ¼def 〈E½nðtÞnT

ðtÞ�〉 are respectively the time averaged correlation and
complementary correlation matrices of the total noise,
respectively. The receiver will see a SO noncircular total
noise nðtÞ (resp. SOI s(t)) only if the matrix Cn (resp., γs) is
not equal to zero. The SOI is seen as rectilinear (resp., SO
circular) if and only if jγsj ¼ 1 (resp. γs ¼ 0), whereas it is
seen as SO noncircular and nonrectilinear if (0o jγsjo1).

The SOS of ~xðtÞ which are exploited in the following
correspond to the matrix R ~x defined by

R ~x ¼def 〈E½ ~xðtÞ ~xHðtÞ�〉¼defSR ~sS
HþR ~n ; ð5Þ



;
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where R ~s ¼def 〈E½~sðtÞ~sHðtÞ�〉 and the matrix R ~n ¼def 〈E½ ~nðtÞ ~nHðtÞ�〉
can be written as

R ~n ¼
Rn Cn

Cn

n Rn

n

" #
: ð6Þ
3. The widely linear MMSE beamformer

3.1. Presentation and adaptive implementation

The WL MMSE beamformer [28,11] corresponds to the
WL filter ~w whose output yðtÞ ¼def ~wH ~xðtÞ minimizes the
time-averaged MSE criterion defined by

MSE½ ~w � ¼ 〈E½jsðtÞ� ~wH ~xðtÞj2�〉: ð7Þ

It is straightforward to show that the vector ~w minimizing
(7) is defined by

~wMMSE ¼defR�1
~x r ~x ;s; ð8Þ

where r ~x ;s ¼def 〈E½ ~xðtÞsnðtÞ�〉. Note that when ðxðtÞ; sðtÞÞ are
jointly SO circular, ~wMMSE reduces to the linear MMSE
beamformer [28], wMMSE ¼defR�1

x rx;s with rx;s ¼def 〈E½xðtÞsnðtÞ�〉.
In practical situations, R ~x and r ~x ;s are not known a priori
and have to be estimated from a training sequence using a
Least Square estimation approach [11].
3.2. Enlightening interpretation

We give in this section, for SOI with arbitrary non-
circularity property, an enlightening interpretation of the
WL MMSE beamformer, initially introduced in [9], allow-
ing one to understand its better behavior with respect to
both the Capon beamformer [3,4] and the WL Minimum
Variance Distorsionless Response (MVDR) beamformer
introduced in [8]. To this aim, let us note that for a SOI
which is seen as SO noncircular, such that γsa0, snðtÞ is
correlated with s(t) and contains both a SOI and an
interference component. To compute the SOI component
of snðtÞ, let us consider the Hilbert space of random
processes having a finite time-averaged power and fitted
with the inner product ðuðtÞ; vðtÞÞ ¼def 〈E½uðtÞvnðtÞ�〉. It is then
easy to compute the orthogonal projection of snðtÞ onto s(t)
for the previous inner product. It is straightforward to
show [8] that snðtÞ can be written as

snðtÞ ¼ γns sðtÞþ½πsð1�jγsj2Þ�1=2isðtÞ; ð9Þ

where 〈E½sðtÞins ðtÞ�〉¼ 0 and 〈E½jisðtÞj2�〉¼ 1. It is also easy to
verify from straightforward manipulations of (9) that
〈E½sðtÞisðtÞ�〉¼ ½πsð1�jγsj2Þ�1=2 and 〈E½i2s ðtÞ�〉¼ �γns . Expres-
sion (9) shows that, for a given time-averaged useful input
power πs, the time-averaged power of the SOI component
of snðtÞ is equal to πsjγsj2 and increases with jγsj. In
particular for a rectilinear SOI (jγsj ¼ 1), snðtÞ ¼ e�2iϕs sðtÞ
and snðtÞ totally corresponds to the SOI, whereas for a SO
circular SOI (γs ¼ 0), snðtÞ ¼ π1=2s isðtÞ and snðtÞ totally corre-
sponds to an interference for the SOI. Using (9) into (2) we
obtain

~xðtÞ ¼ sðtÞ½~s1þγns ~s2�þ½πsð1�jγsj2Þ�1=2isðtÞ~s2þ ~nðtÞ ¼defsðtÞ~sγþ ~nγðtÞ
ð10Þ

where ~sγ ¼def ~s1þγns ~s2 ¼ ½sT ; γns sH�T and ~nγðtÞ ¼def ½πsð1�jγsj2Þ�1=2is
ðtÞ~s2þ ~nðtÞ are respectively the equivalent extended steer-
ing vector of the SOI and the global noise component,
uncorrelated with s(t), for the extended observation vector
~xðtÞ. Using (10) into (8), we finally obtain

~wMMSE ¼ πsR�1
~x ~sγ ¼

πs

1þπs ~s
H
γ R

�1
~n γ

~sγ
R�1

~n γ
~sγ ð11Þ

where R ~nγ
¼def 〈E½ ~nγðtÞ ~nH

γ ðtÞ�〉 is the time-averaged correlation
matrix of ~nγðtÞ. Denoting by ~wMVDR2 the WL MVDR beam-
former that minimizes the time-averaged output power
~wHR ~x ~w under the constraint ~wH ~sγ ¼ 1, it is straightforward
to verify that ~wMVDR2 is defined by

~wMVDR2 ¼
def ½~sHγ R�1

~x ~sγ ��1R�1
~x ~sγ ¼ ½~sHγ R�1

~nγ
~sγ �R�1

~nγ
~sγ : ð12Þ

We then deduce from (11) and (12) that similar to the
linear MMSE beamformer which is collinear to the MVDR
beamformer, the WL MMSE beamformer ~wMMSE is collinear
to the WL MVDR beamformer ~wMVDR2 and we obtain

~wMMSE ¼
πs ~s

H
γ R

�1
~nγ

~sγ

1þπs ~s
H
γ R

�1
~nγ

~sγ
~wMVDR2 : ð13Þ

Note that the MVDR beamformer ~wMVDR2 depends on both
s and γs and keeps the whole SOI component contained in
~xðtÞ contrary to the WL MVDR beamformer introduced in
[8], which minimizes ~wHR ~x ~w under the constraint
~wH ~s1 ¼ 1 and ~wH ~s2 ¼ 0 and which is defined by

~wMVDR1 ¼
defR�1

~x S½SHR�1
~x S��1f ¼ R�1

~n S½SHR�1
~n S��1f; ð14Þ

where f ¼def ½1;0�T . This beamformer does not depend on γs
and nulls completely the snðtÞ part of the SOI component of
~xðtÞ. Moreover, while the implementation of ~wMVDR1

requires the knowledge or the estimation of s and R ~x ,
~wMVDR2 requires the knowledge or estimation of γs, s and R ~x

or, to within a scalar, the use of a training sequence which
is correlated with s(t) and not correlated with the total
noise. Finally, note that both ~wMVDR1 and ~wMVDR2 fit the
well-known Capon's beamformer [3,4], defined by

wCAPON ¼def ½sHR�1
x s��1R�1

x s¼ ½sHR�1
n s��1R�1

n s; ð15Þ
when the total noise is SO circular (Cn ¼ 0) and both the SOI
and the total noise are SO circular (γs ¼ 0 and Cn ¼ 0)
respectively.

3.3. WL GSC structure

It can be easily verified that the WL beamformer
~wMVDR2 has an equivalent WL Generalized Sidelobe Can-
celler (GSC) structure [17] depicted in Fig. 1, where ~w f is a
2N � 1 deterministic WL spatial filter such that ~wH

f ~sγ ¼ 1
and its output is given by yf ðtÞ ¼def ~wH

f ~xðtÞ. F is a full-rank
ð2N�1Þ � 2N blocking matrix verifying F~sγ ¼ 02N�1 and
whose output corresponds to the ð2N�1Þ � 1 vector
~zðtÞ ¼defF ~xðtÞ, ~wa is the ð2N�1Þ � 1 WL spatial filter which
generates the output yaðtÞ ¼def ~wH

a ~zðtÞ and which minimizes



−
Σ

∼

∼

∼
∼

Fig. 1. TI WL GSC structure of ~wMVDR2 .
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the time-averaged power of the output yðtÞ ¼defyf ðtÞ�yaðtÞ.
More precisely, under the previous assumptions, it can be
verified that the equivalent 2N � 1 WL spatial filter, ~wGSC,
which generates the same output, yðtÞ ¼def ~wH

GSC ~xðtÞ, from the
extended observation vector ~xðtÞ is defined by (12). We
finally remark that for both SO circular SOI (γs ¼ 0) and
total noise (Cn ¼ 0), the WL GSC structure is the linear
functional scheme depicted in [17].

3.4. General SINR performance

3.4.1. General SINR computation and link with MSE criterion
From (10) it is easy to compute the ratio of the time-

averaged powers of the SOI component and the associated
global noise component at the output of an arbitrary TI WL
filter ~w , referred to as the SINR at the output of ~w , defined
by

SINR ~w½ � ¼ πs
j ~wH ~sγ j2
~wHR ~nγ

~w
: ð16Þ

It is easy to verify that the WL filters which maximize this
output SINR are collinear to ~wMMSE and ~wMVDR2 Using (11) to
(15) into (16), we obtain the SINR at the output of the
previous beamformers given respectively by:

SINRMMSE ¼def SINR½ ~wMMSE� ¼ SINRMVDR2 ¼
def SINR½ ~wMVDR2 � ¼ πs ~s

H
γ R

�1
~nγ

~sγ ;

ð17Þ

SINRMVDR1 ¼
def SINR ~wMVDR1

� �¼ πs

fH ½SHR�1
~n S��1f

; ð18Þ

SINRCAPON ¼def SINR½ðwT
CAPON;0

T ÞT � ¼ πssHR�1
n s: ð19Þ

Using the fact thatwCAPON, ~wMVDR1 and ~wMVDR2 minimize the
output power ~wHR ~x ~w under different constraints that are
included, the inclusion principle allows us to prove that
generally

SINRCAPONrSINRMVDR1 rSINRMVDR2 ¼ SINRMMSE ð20Þ
Moreover, inserting (10) into (7) and using (16), we obtain
the general relation
MSE ~w½ � ¼ πs j1� ~wH ~sγ j2þ
j ~wH ~sγ j2
SINR½ ~w �

 !
; ð21Þ

which shows in particular that the WL filter ~w which
minimizes MSE½ ~w� under the constraint ~wH ~sγ ¼ 1 is also
the WL filter ~w which maximizes SINR½ ~w� under the same
constraint, which corresponds to ~wMVDR2 . This shows that
under the constraint ~wH ~sγ ¼ 1, SINR maximization and MSE
minimization are equivalent criteria, which gives a physical
interpretation of the SINR criterion (16) in terms of MSE
minimization. Without the constraint ~wH ~sγ ¼ 1, (21) shows
that MSE minimization is no longer equivalent to SINR
maximization, but the WL filter, ~wMMSE, which minimizes
MSE½ ~w � also maximizes SINR½ ~w� but is not the only one.
From the previous results, we obtain

MSE ~wMVDR2

� �¼ πs
SINRMMSE

¼ 1
~sHγ R

�1
~nγ

~sγ
; ð22Þ

which is greater than MSE½ ~wMMSE� defined by

MSE ~wMMSE½ � ¼ πs�rH~x ;sR
�1
~x r ~x ;s

¼ πs

1þπs ~s
H
γ R

�1
~nγ

~sγ
¼ πs

1þSINRMMSE
; ð23Þ

and which tends toward MSE½ ~wMMSE� as SINRMMSEb1.

3.4.2. SINR computation as a function of jγsj
To evaluate the impact, on the performance, of the SO

noncircularity coefficient γs of the SOI, it is necessary to
compute SINRMMSE as a function of jγsj for an arbitrary total
noise. From (6), we derive that R�1

~n can be written as

R�1
~n ¼ A D

Dn An

� �
; ð24Þ

where the N � N Hermitian matrix A and complex sym-
metric matrix D are given by [11]

A¼def ½Rn�CnRn�1
n Cn

n��1; ð25Þ

D¼def �ACnRn�1
n : ð26Þ

Finally, substituting (24) into (17) and (18), we get, after
some straightforward manipulations,

SINRMMSE ¼ πs

"
sHAs 1þ γsj2

�� �þ2 Re γns s
HDsn

� ��
� jsHDsnþγssHAsj2

½πsð1�jγsj2Þ��1þsHAs

#
ð27Þ

and

SINRMVDR1 ¼ πs sHAs� jsHDsnj2
sHAs

� �
: ð28Þ

The variations of SINRMMSE as a function of jγsj are
analyzed in the next section.

3.4.3. SINR analysis
In the particular case of a SO circular SOI (γs ¼ 0), (27)

reduces to

SINRMMSE ¼ πs sHAs� jsHDsnj2
π�1
s þsHAs

� �
; γs ¼ 0; ð29Þ
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which is always greater than SINRMVDR1 , itself greater than
SINRCAPON for SO noncircular total noise, and which tends
to SINRMVDR1 as πssHAsb1. Hence the interest of ~wMMSE

for a SO noncircular total noise, even for a SO circular SOI.
In the particular case of a rectilinear SOI (jγsj ¼ 1), (27)

reduces to

SINRMMSE ¼ 2πs½sHAs�jsHDsnj cos 2ψ �; jγsj ¼ 1; ð30Þ

where ψ ¼def ðϕds �2ϕsþπÞ=2 and where ϕds is the phase of
ds ¼defsHDsn ¼ jdsjeiϕds . Expression (30) is nothing else than
the SINR at the output of the WL beamformer analyzed in
[11], which allows SAIC of one rectilinear interference.

Finally, for SO noncircular nonrectilinear SOI, i.e., for
arbitrary values of jγsj such that 0o jγsjo1, two cases
corresponding to ds¼0 and dsa0 must be considered.

When ds¼0, which occurs for a SO circular total noise
(Cn ¼ 0) or when s is in the kernel of Dn, it is easy to verify
from (27) that SINRMMSE becomes an increasing function of
jγsj, hence the increasing interest of ~wMMSE as jγsj
increases. The minimum value of SINRMMSE, obtained for
γs ¼ 0; corresponds to πssHR�1

n s¼ SINRCAPON, whereas the
maximum value of SINRMMSE is obtained for jγsj¼1 and
corresponds to 2πssHR�1

n s¼ 2SINRCAPON, hence a maximal
gain of 3 dB with respect to Capon's beamformer obtained
for rectilinear SOI.

When dsa0, which occurs for a SO noncircular total
noise (Cna0) provided that s is not in the kernel of Dn, it can
be shown that, for cos 2ψr0 (i.e., �π=2þ2kπrϕds
�2ϕsrπ=2þ2kπ, with k integer), SINRMMSE becomes an
increasing function of jγsj lower and upper-bounded by (29)
and (30) respectively, hence the increasing interest of ~wMMSE

as jγsj increases. However, for cos 2ψ40 (i.e., π=2þ2kπ
rϕds �2ϕsr3π=2þ2kπ, with k integer), there exists a value
of jγsj, noted jγs;minðψÞj, such that SINRMMSE is a decreasing
function of jγsj for 0r jγsjr jγs;minðψÞj and an increasing
function of jγsj for jγs;minðψÞjr jγsjr1. This shows in this
case the existence of a noncircularity coefficient modulus
jγs;minðψÞj40 which minimizes SINRMMSE, which could seem
a bit surprising and which shows, in this case, the increasing
interest of ~wMMSE as jγsj moves in the vicinity of either 0 or 1.

To get more insights into the practical interest of the WL
MMSE beamformer with respect to the Capon and the WL
MVDR1 beamformer, we analyze, in the next section, for
arbitrary SO noncircular SOI, the performance of the three
previous beamformers, in terms of a maximal number of
interferences to be processed, output SINR and SER, in the
presence of potentially noncircular rectilinear and nonrecti-
linear interferences plus background noise.
4. Performance of the WL MMSE beamformer in the
presence of noncircular SOI and/or interferences

4.1. Total noise model

We assume in this section that the total noise, nðtÞ, is
composed of P statistically uncorrelated and potentially SO
noncircular NB interferences plus background noise.
Under these assumptions, the total noise vector nðtÞ can
be written as follows:

nðtÞ ¼ ∑
P

p ¼ 1
mpðtÞjpþnbðtÞ; ð31Þ

where nbðtÞ is the background noise vector, assumed zero-
mean, stationary, SO circular, Gaussian and spatially white;
mp(t) and jp correspond to the complex amplitude,
assumed potentially SO noncircular and the steering or
channel vector (whose first component is equal to one) of
interference p, respectively. Under these assumptions,
matrices Rn and Cn, can be written as

Rn ¼ ∑
P

p ¼ 1
πp jpj

H
p þη2I ð32Þ

Cn ¼ ∑
P

p ¼ 1
πpγp jpj

T
p ; ð33Þ

where η2 is the mean power of the background noise
per sensor, I is the N � N identity matrix, πp ¼def 〈E½jmpðtÞj2�〉
is the time averaged power of interference p received by
the first sensor, γp ¼def 〈E½m2

pðtÞ�〉=πs ¼ jγpje2iϕp such that
0r jγpjr1 is the time averaged SO noncircularity coeffi-
cient of interference p.

4.2. Maximal number of interferences to be processed

We deduce from (9) that a nonrectilinear SOI generates
one interference in ~xðtÞ, whereas a rectilinear SOI does not
generate any interference in ~xðtÞ. Applying (9) to inter-
ference p, we deduce in a same way that a nonrectilinear
interference p generates two uncorrelated interferences in
~xðtÞ, whereas a rectilinear interference p only generates
one interference in ~xðtÞ. As a consequence, noting Pr and
Pnr the number of rectilinear and nonrectilinear interfer-
ences in xðtÞ, respectively, such that PrþPnr ¼ P, the WL
MMSE beamformer (with its interpretation as a WL MVDR
beamformer subject to a single constraint) has then 2N�1
degrees of freedom to reject 2PnrþPrþ1�δð1�jγsjÞ inter-
ferences in ~xðtÞ, where δð�Þ is the Kronecker symbol
such that δðxÞ ¼ 1 if x¼0 and δðxÞ ¼ 0 if xa0. Hence, the
maximal number of interferences, Pmax, that may be
rejected (or completely nulled in the absence of noise)
by the WL MMSE beamformer is such that 2N�1¼
2PnrþPrþ1�δð1�jγsjÞ, which gives, with Pmax ¼ PrþPnr

Pmax ¼N�1þðPrþδð1�jγsjÞÞ=2 with 0rPrrPmax ð34Þ
and which means that

N�1rPmaxr2ðN�1Þþδð1�jγsjÞr2N�1: ð35Þ
In particular Pmax is minimal and equal to N�1 whatever
the noncircularity property of the received sources if at
most one source (SOI or interference) is rectilinear. In this
case, the exploitation of the potential SO noncircularity of
the sources, through the use of the WL MMSE beamformer
instead of the Linear MMSE or the Capon's beamformer,
does not allow an increase of the number of interferences
to be processed. This increase is possible and Pmax4N�1
only if at least two sources (SOI and/or interferences) are
rectilinear. This increase is maximal if all the interferences
are rectilinear. In this case, Pmax ¼ 2ðN�1Þ for a nonrecti-
linear SOI and Pmax ¼ 2N�1 for a rectilinear SOI, which
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shows that the WL MMSE beamformer allows SAIC
(Pmax ¼ 1 for N¼1) only if the SOI is rectilinear in the
presence of a rectilinear interference, situation analyzed in
detail in [11]. We deduce from this global analysis that the
key property allowing an increase of the number of
interferences to be processed by the WL MMSE beamfor-
mer with respect to the Capon's beamformer is the
potential rectilinearity of the latter, and not simply their
SO noncircularity, which shows off a first time the break-
through between rectilinear and nonrectilinear
interferences.

4.3. SINR for one and two interferences

We analyze in this section, for rectilinear and nonrecti-
linear SOI, the practical interest of the WL MMSE beam-
former in the presence of one and two strong noncircular
nonrectilinear interferences through an analytical study of
the output SINR (9).

4.3.1. Rectilinear SOI and one strong interference
Strong rectilinear interference. For a rectilinear SOI and

one strong (ε1 ¼def ðjH1 j1Þπ1=η2b1) rectilinear interference,
(27) becomes

SINRMMSE � 2εsð1�jα1;sj2 cos 2ψÞ; ε1b1; jγsj ¼ jγ1j ¼ 1;

ð36Þ
whereas SINRCAPON and SINRMVDR1 are given by

SINRCAPON � εsð1�jα1;sj2Þ; ε1b1; jα1;sja1; 8γs; 8γ1;
ð37Þ

SINRMVDR1 � εs 1� jα1;sj2
2�jα1;sj2

 !
; ε1b1; γ1 ¼ 1; α1;s a1; 8γs:

��������
ð38Þ

In these expressions, εs ¼def ðsHsÞπs=η2, α1;s ¼def jH1 s=ðsHsÞ1=2
ðjH1 j1Þ1=2 and ψ, appearing in (30), takes the value
ψ ¼ ½ϕ1�ϕsþArgðsHj1Þ�. Expression (36), which has also
been obtained in [11], shows that in this case, the WL
MMSE beamformer discriminates the sources both spa-
tially (for N41) and by phase, allowing in particular SAIC
contrary to WL MVDR1 and Capon's beamformers which
discriminate sources spatially only (for N41).

Strong nonrectilinear interference. For a rectilinear SOI
and one strong nonrectilinear interference (jγ1ja1), pro-
vided that jα1;sja1, SINRMVDR1 � SINRCAPON given by (37),
whereas SINRMMSE � 2SINRCAPON. In this case, SINRMMSE is
twice the SINR at the output of Capon's and WL MVDR1

beamformer due to the exploitation of the SO rectilinearity
of the SOI, but is not greater than the SINR at the output of
the WL MMSE beamformer for a SO circular interference.
This shows the relatively weak practical interest to take
into account the potential SO noncircularity property of a
strong interference which is not rectilinear or not far from
being rectilinear.

4.3.2. Nonrectilinear SOI and one strong interference
Strong rectilinear interference. For a nonrectilinear SOI

and one strong rectilinear interference, SINRCAPON and
SINRMVDR1 are still given by (37) and (38) respectively
whereas we deduce from (24) to (26), (32) and (33) that
SINRMMSE becomes

SINRMMSE

� εs
ð1þjγsj2Þð2�jα1;sj2Þ�2jγsjjα1;sj2 cos 2ψþ2εsð1�jγsj2Þð1�jα1;sj2Þ

2þεsð1�jγsj2Þð2�jα1;sj2Þ
:

ð39Þ

For a weak (εs51) nonrectilinear SOI, this expression
reduces to:

SINRMMSE � εs½ð1þjγsj2Þð1�jα1;sj2=2Þ�jγsjjα1;sj2 cos 2ψ �;

ε1b1; jγ1j ¼ 1; εs51; ð40Þ

which shows, as already pointed out in Section 3.4.3 for
dsa0, that when cos 2ψr0, SINRMMSE is an increasing
function of jγsj, lower-bounded by εsð1�jα1;sj2=2Þ obtai-
nedfor γs ¼ 0, which is much more greater than SINRCAPON

and SINRMVDR1 for high values of jα1;sj2. This shows in this
case the great interest to take into account the potential
noncircularity of the SOI in addition to the rectilinear
character of the interference. Moreover, when cos 2ψ40,
as also already pointed out in Section 3.4.3 for dsa0,
their exists a value jγs;minðψÞj of jγsj, given here by
jγs;minðψÞj ¼ jα1;sj2 cos 2ψ=ð2�jα1;sj2Þ, such that SINRMMSE

is a decreasing function of jγsj for 0r jγsjr jγs;minðψÞj and
an increasing function of jγsj for jγs;minðψÞjr jγsjr1. Using
jγs;minðψÞj into (40), we deduce that in this case, SINRMMSE

is lower-bounded by

SINRMMSE½jγs;minðψÞj� � εsð1�jα1;sj2=2Þ½1�jα1;sj4 cos 22ψ=ð2�jα1;sj2Þ�;
ð41Þ

which still corresponds to εsð1�jα1;sj2=2Þ for weak values
of cos 2ψ and which shows again, at least for high values
of jα1;sj2, the interest to take into account the potential
noncircularity of the SOI in addition to the rectilinearity
character of the interference.

For a strong (εsb1) nonrectilinear SOI, expression (39)
reduces to (38) whatever jγsja1 and jα1;sja1, which
shows an increasing SINR gain toward 3 dB with respect
to Capon's beamformer as jα1;sj increases toward unity and
which shows again the practical interest to take into
account the rectilinear character of the strong interference.

Strong nonrectilinear interference. Finally, for a nonrecti-
linear SOI and one strong nonrectilinear interference,
SINRMVDR1 � SINRCAPON given by (37), whereas we deduce
from (24) to (26), (32) and (33) that SINRMMSE becomes

SINRMMSE � SINRCAPON 1þ jγsj2
1þεsð1�jγsj2Þð1�jα1;sj2Þ

 !
;

jγsja1; jγ1ja1; ε1b1; jα1;sja1; ð42Þ

which is an increasing function of jγsj varying from
SINRCAPON obtained for a SO circular SOI to 2SINRCAPON

obtained for a rectilinear SOI. Nevertheless, for a strong
nonrectilinear SOI such that εsð1�jγsj2Þð1�jα1;sj2Þb1,
SINRMMSE � SINRCAPON, which shows the relatively weak
practical interest to take into account the potential SO
noncircularity property of both strong SOI and interference
which are not rectilinear.



Fig. 2. SINRCAPON, SINRMVDR1 and SINRMMSE ¼ SINRMVDR2 as a function of
jγ1j for N¼2, P¼1, πs=η2 ¼ 20 dB, π1=η2 ¼ 20 dB, θs ¼ 01, θ1 ¼ 301, ϕs ¼ 01,
ϕ1 ¼ 601, jγsj ¼ 0, 0.5, 0.95, 1.

Fig. 3. SINRCAPON, SINRMVDR1 and SINRMMSE ¼ SINRMVDR2 as a function of
jγ1j for N¼2, P¼1 πs=η2 ¼ �20 dB, π1=η2 ¼ 20 dB, θs ¼ 01, θ1 ¼ 101,
ϕs ¼ 01, ϕ1 ¼ 451, jγsj ¼ 0, 0.5, 0.95, 1.

Fig. 4. SINRCAPON, SINRMVDR1 and SINRMMSE ¼ SINRMVDR2 as a function of
jγ1j for N¼2, P¼2 πs=η2 ¼ 10 dB, π1=η2 ¼ π2=η2 ¼ 20 dB, θs ¼ 01, θ1 ¼ 301,
θ2 ¼ 601, ϕs ¼ 01, ϕ1 ¼ 601, ϕ2 ¼ 801, jγ2j ¼ 1, jγsj ¼ 0, 0.5, 0.95, 1.
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4.3.3. Illustrations for one and two interferences
To illustrate the previous results related to the weak

(resp., great) interest to take into account the potential
noncircularity of a strong nonrectilinear (resp. rectilinear)
interference, we consider that a uniform linear array (ULA)
of N omnidirectional sensors, equispaced half a wave-
length apart, receives a background noise, a SOI and an
interference whose directions of arrival (DOA) with respect
to broadside are equal to θs and θ1.

Under these assumptions, Fig. 2 shows, for N¼2, the
variations of SINRCAPON, SINRMVDR1 and SINRMMSE as a func-
tion of jγ1j for several values of jγsj equal to 0, 0.5, 0.95 and 1.
For this figure, πs=η2 ¼ 20 dB (strong SOI), π1=η2 ¼ 20 dB,
ϕs ¼ 01, ϕ1 ¼ 601, θs ¼ 01 and θ1 ¼ 301. Note increasing
performance of the WL beamformers as jγ1j increases and
the limited interest to take into account the noncircularity
property of a nonrectilinear interference whatever the non-
circularity property of the SOI. Note also the limited interest
to take into account the SO noncircularity property of a
nonrectilinear SOI, whatever the SO noncircularity property
of the interference. Note also, even for jα1;sja1, very good
performance and strong gains in the performance of the WL
MMSE beamformer with respect to Capon's beamformer
when the SOI and interference are rectilinear with a suffi-
cient phase discrimination between the sources, and a strong
decrease of this gain as soon as one of the sources is no
longer rectilinear.

Fig. 3 shows the same variations as Fig. 2 but for
πs=η2 ¼ �20 dB (weak SOI), π1=η2 ¼ 20 dB, ϕs ¼ 01,
ϕ1 ¼ 451, θs ¼ 01 and θ1 ¼ 101. As jα1;sj2 is high, note strong
performance gains of the WL MMSE beamformer with
respect to SINRCAPON and SINRMVDR1 for high values of jγ1j
whatever the value of jγsj. Note also the gain of 3 dB for a
rectilinear SOI and nonrectilinear interferences and much
weaker gain values for both nonrectilinear SOI and
interference.

To complete these results, we consider the same
scenario as for Fig. 2, but for a SOI whose SNR is equal to
πs=η2 ¼ 10 dB, at which we add a second interference,
assumed to be rectilinear and such that θ2 ¼ 601,
π2=η2 ¼ 20 dB and ϕ2 ¼ 801. Under these assumptions,
Fig. 4 shows, for N¼2, the same variations as for Fig. 2.
Note the poor performance of Capon's beamformer due to
the overconstrained array. Note both very good perfor-
mance and strong gain in the performance of the two WL
beamformers with respect to Capon's beamformer as soon
as the two interferences are rectilinear. Note a strong
decrease in the performance of the two WL beamformers
as soon as jγ1j decreases below 0.9, i.e., as soon as one of
the two interferences strongly loses its rectilinear prop-
erty. Nevertheless, despite the fact that the array is over-
constrained, still note the not so bad performance of the
WL MMSE beamformer with respect to the Capon's beam-
former whatever jγ1j and jγsj due to the presence of the
rectilinear interference 2.

4.4. SER for interferences and background noise

We show in this section that the main message of the
previous section, deduced from an output SINR analysis and
related to the weak interest to use WL MMSE beamformer
for strong noncircular nonrectilinear interferences, remains
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valid from an output SER analysis. For this aim, we do some
assumptions in Section 4.4.1, we present the receivers used
for demodulation in Section 4.4.2, we compute output SER
for BPSK SOI in Section 4.4.3 and discuss and illustrate
output SER for both BPSK and QPSK SOI in Section 4.4.4.
4.4.1. Hypotheses
Observation model: To evaluate the SER performance at

the output of the WL MMSE beamformer, we assume that
the SOI is linearly digitally modulated and that a conven-
tional Maximum Likelihood (ML) demodulator is inserted
at the output of the WL MMSE beamformer before
decision of the SOI symbols. For comparison perspectives,
we also consider Capon's and WL MVDR1 beamformers in
addition to the WL MMSE beamformer. To simplify the
analysis, we assume that the SOI and the P interferences
are linearly modulated, have common 1/2 Nyquist pulse
shape filters, carriers and symbol rate and furthermore are
perfectly synchronized. In the absence of frequency offsets,
assuming an ideal symbol rate sampling, the sampled
observation vectors at the output of a matched filter to
the pulse shape filter can be written as

xðkTÞ ¼ μse
iζs aksþ ∑

P

p ¼ 1
μpe

iζpbp;kjpþnbðkTÞ; ð43Þ

where T is the symbol period, xðkTÞ is now the sampled
observation vector at the output of the matched filter,
nbðkTÞ is the sampled background noise vector whose
power is equal to η2, ak and bp;k are the symbols k of SOI
and interference p (1rprP) respectively. Both ak's and
bp;k's are assumed to be i.i.d. sequences with potentially
different distributions, and ak, bi;q and bj;l are statistically
independent for ia j, μs and μp are scalars which control
the received power of the SOI and interference p, respec-
tively, ζs and ζp are channel phase terms which control the
received phase of the SOI and interference p respectively.
Defining πa ¼defE½jakj2� and πb;p ¼defE½jbp;kj2� the power of SOI
and interference p symbol, respectively, we can write
πs ¼ μ2s πa and πp ¼ μ2pπb;p. Defining γa ¼defE½a2k �=πa ¼

def jγaje2iϕa

and γb;p ¼defE½b2p;k�=πb;p ¼
def jγb;pje2iϕb;p , we can write γs ¼

γae2iζs ¼ jγaje2iϕs , and γp ¼ γp;be2iζp ¼ jγpje2iϕp , hence
jγsj ¼ jγaj, jγpj ¼ jγb;pj, ϕs ¼ ϕaþζs and ϕp ¼ ϕb;pþζp.

U�V QAM interferences: To limit the developments, we
assume that the SOI may correspond to either a BPSK
(jγsj ¼ 1) or a QPSK (γs ¼ 0) SOI. Moreover, to take into
account in our SER analysis interferences having arbitrary
values of SO noncircularity coefficient, we assume that
interference p corresponds to a rectangular U�V QAM
modulation with UV states where integer V may be even
(V ¼ 2v) or odd (V ¼ 2vþ1) whereas integer U is necessa-
rily even (U ¼ 2u). More precisely if bk ¼ br;kþ ibi;k is a
U�V QAM symbol, where br;k and bi;k are the real and
imaginary parts of bk, respectively, assumed to be statisti-
cally independent to each other, then br;k may take the
values 71; 73;…; 7 ð2u�1Þ whereas bi;k may take the
values 71; 73;…; 7 ð2v�1Þ if V ¼ 2v and the values
0; 72; 74;…; 72v if V ¼ 2vþ1. In particular, a U�1
QAM modulation is a rectilinear modulation correspond-
ing to a U-ASK modulation, which reduces to a BPSK
modulation for U¼2. A 2�2 QAM modulation is a SO
circular modulation corresponding to a QPSK modulation. It
is straightforward to prove, after elementary computations
which are not reported here, that the power, πb, of a U�V
QAM symbol bk is such that

πb ¼ ½4ðu2þv2Þ�2�=3 for U ¼ 2u and V ¼ 2v; ð44Þ

πb ¼ ½4u2þ4vðvþ1Þ�1�=3 for U ¼ 2u and V ¼ 2vþ1

ð45Þ
whereas the SO noncircularity coefficient, γb, of a U�V
QAM symbol bk is such that

γb ¼
2ðu2�v2Þ

2ðu2þv2Þ�1
for U ¼ 2u and V ¼ 2v; ð46Þ

γb ¼
4u2�4vðvþ1Þ�1
4u2þ4vðvþ1Þ�1

for U ¼ 2u and V ¼ 2vþ1: ð47Þ

Expressions (46) and (47), which are new, show that it is
possible to generate values of γb comprised between 0 and 1
by appropriately choosing U and V. This will be useful to
generate noncircular nonrectilinear interferences for the
computer simulations considered in Section 4.4.4.

4.4.2. Receivers
To present more in details the different receivers used

in this section for demodulation purpose, we compute,
from (43), the sampled extended observation vector
defined by

~xðkTÞ ¼ μse
iζs ak ~s1þμse

� iζs an

k
~s2

þ ∑
P

p ¼ 1
μpe

iζpbp;k ~jp;1þ ∑
P

p ¼ 1
μpe

� iζpbn

p;k
~jp;2þ ~nbðkTÞ;

ð48Þ

where ~nbðkTÞ ¼def ½nT
b ðkTÞ;nH

b ðkTÞ�T , ~jp;1 ¼def ½jTp ;0T
N �T and

~jp;2 ¼def ½0T
N ; j

H
p �T . The sampled output, yðkTÞ ¼def ~wH ~xðkTÞ, of

the WL beamformer ~w is then given by

yðkTÞ ¼ α1akþα2an

kþ ∑
P

p ¼ 1
βp;1bp;kþ ∑

P

p ¼ 1
βp;2b

n

p;kþnk; ð49Þ

where α1 ¼defμseiζs ~wH ~s1, α2 ¼defμse� iζs ~wH ~s2, βp;1 ¼defμpeiζp
~wH ~jp;1, βp;2 ¼defμpe� iζp ~wH ~jp;2 and nk ¼def ~wH ~nbðkTÞ. The con-
ventional MLSE receiver for demodulation of ak, built from
(49), generates bak given bybak ¼ Argak Min½jyðkTÞ�α1ak�α2an

kj2�; ð50Þ
which gives, for BPSK SOI,bak ¼ Sign Re½αnyðkTÞ�� �

; ð51Þ
where α¼ α1þα2.

4.4.3. SER computation for a BPSK SOI
The SER computation for a QPSK SOI is a bit tedious and

we limit the analytical SER computation to BPSK SOI.
Results for QPSK SOI will be presented in the next section
from Monte Carlo Simulations. For a BPSK SOI, the input,
zðkTÞ ¼defRe½αnyðkTÞ�, of the sign detector (51) is given by

zðkTÞ ¼ jαj2akþ ∑
P

p ¼ 1
Re½βpbp;k�þnz;k; ð52Þ
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where βp ¼defαnβp;1þαβn

p;2 and where nz;k ¼defRe½αnnk� is zero-
mean and Gaussian distributed with variance

s2n;z ¼
η2
2

jαj2jj ~wjj2þRe½αn2ðwH
1w

n

2þwH
2w

n

1Þ�
	 


; ð53Þ

where ~w ¼def ½wT
1 ;w

T
2�T . Using the symmetry property of the

considered U�V QAM constellation, it can be shown, after
some straightforward manipulations, that the SER at the
output of the sign detector is given by

SER¼ ∏
P

p ¼ 1

1
UpVp

 !
∑

ðb1;k ;…;bP;kÞ
Q

jαj2�∑P
p ¼ 1Reðβpbp;kÞ
sn;z

 !
;

ð54Þ

where Up and Vp are integer such that interference p is
Up�Vp QAM modulated, ðb1;k;…; bP;kÞ denotes all the

∏
P

p ¼ 1
ð1=UpVpÞ interference P-uples symbols and where Q

(u) is the function defined by

Q uð Þ ¼def
Z 1

u

1ffiffiffiffiffiffi
2π

p e�ðv2=2Þ dv: ð55Þ
Fig. 5. SERCAPON, SERMVDR1 and SERMMSE ¼ SERMVDR2 as a function of πs=η2
for a BPSK SOI, N¼2, P¼1 π1=η2 ¼ 20 dB, θs ¼ 01, θ1 ¼ 301, ϕs ¼ 01,
ϕ1 ¼ 601, (U, V)¼(2, 2), (4, 2), (6, 2), (10, 2), (2, 1).

Fig. 6. SERCAPON, SERMVDR1 and SERMMSE ¼ SERMVDR2 as a function of πs=η2
for a QPSK SOI, N¼2, P¼1 π1=η2 ¼ 20 dB, θs ¼ 01, θ1 ¼ 301, ϕs ¼ 01,
ϕ1 ¼ 601, (U, V)¼(10, 2), (2, 1).
Note that for a single BPSK interference, (54) corresponds
to expression (54) of [11].

4.4.4. SER illustrations
In contrast to Gaussian interference and linear recei-

vers, the behavior of SINR and SER, computed in Sections
4.3 and 4.4.3, respectively, are not directly related. The aim
of this subsection is then to verify whether the results
obtained in Section 4.3 for output SINR are still valid for
output SER.

For this purpose Figs. 5 and 6 show, for a BPSK and a
QPSK SOI, respectively, the variations of the SER at the
output of Capon, WL MVDR1 and WL MMSE beamformers
as a function of πs=η2, for different values of (U1;V1), when
the total noise is composed of a circular Gaussian back-
ground noise and one U1�V1 QAM interference such that
π1=η2 ¼ 20 dB, θs ¼ 01, θ1 ¼ 301, ϕs ¼ 01, ϕ1 ¼ 601 and when
N¼2 sensors equispaced half a wavelength apart. For BPSK
SOI, the SER is computed from the closed-form expression
(54) whereas for QPSK SOI the SER is computed from
Monte Carlo simulations from 100 000 realizations.4 The
chosen values of (U1;V1) correspond to (2, 2) (γ1 ¼ 0),
(4, 2) (γ1 ¼ 0:666), (6, 2) (γ1 ¼ 0:804), (10, 2) (γ1 ¼ 0:941)
and (2, 1) (γ1 ¼ 1). Fig. 5 shows, for a rectilinear SOI,
substantial performance gains of both the WL MMSE
beamformer and the WL MVDR1 beamformer with respect
to Capon's beamformer as jγ1j approaches unity, displaying
the practical interest to take into account the potential SO
noncircularity property of both the SOI and a strong
interference which are rectilinear or almost rectilinear.
Note also in this case similar performances of the two WL
beamformers due to the use of the ML receiver from the
output of these beamformers which takes a decision from
the real part of the output in both cases. Moreover, Fig. 5
shows almost similar performances of the three beamfor-
mers as jγ1j moves away from unity, displaying the
relatively weak practical interest to take into account the
potential SO noncircularity property of a strong noncircu-
lar interference which is not rectilinear or almost recti-
linear. Same conclusions are obtained from Fig. 6 for a SO
circular SOI. These results finally show that the main
conclusions related to the weak interest to use WL MMSE
beamformers for strong noncircular nonrectilinear inter-
ferences done from the output SINR analysis are still valid
from an output SER point of view.

5. Rectilinearity and quasi-rectilinearity blind detection

5.1. Context

It has been shown in the previous sections that there is
no real interest to use WL MMSE beamforming when some
kind of rectilinearity is not hidden in the observations. As a
consequence of this result, the priority to evaluate the
interest of WL MMSE beamforming is to try to detect the
4 Note that for QPSK SOI, the MLSE receiver (50) gives four decision
areas in the complex plane where the Gaussian noisy component is
noncircular. Consequently the derived closed-form expression of the SER
is composed of 2D integrals with no engineering insights that can be
numerically calculated by approximations only.
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potential presence of rectilinear sources in the observa-
tions before beamforming processing. Following this work,
the detection of rectilinearity, instead of SO noncircularity,
thus becomes a new problem of practical interest which
has not yet been investigated to the best of our knowledge
and which remains completely open. Despite the fact that
this problem is far from being trivial, we propose in this
section a preliminary method to detect the presence of
rectilinearity (or quasi-rectilinearity) in circularly Gaussian
noisy observations. We first recall the observation model
and the statistics used by the proposed method. Then we
present a method able to detect a rectilinear source
corrupted by potential other sources and background
noise and we evaluate some of its performance. Finally,
we briefly discuss the problem of quasi-rectilinearity
detection.

5.2. Model and statistics

5.2.1. Model
We assume in this section that the complex observation

vector, xðtÞ, is composed of M statistically independent and
potentially SO noncircular NB sources plus background
noise. It corresponds to a noisy instantaneous mixture of
M statistically independent, NB and potentially SO non-
circular sources and can be written as

xðtÞ ¼ ∑
M

m ¼ 1
smðtÞamþnbðtÞ ¼defAsðtÞþnbðtÞ ð56Þ

where nbðtÞ is the background noise vector, assumed to be
zero-mean, stationary, SO circular, Gaussian and spatially
white; sm(t) and am are the complex envelope (to within a
potential frequency offset) and the steering (or channel)
vector of the source m, respectively; A is the so-called N �
M mixing matrix whose columns are the am vectors and sðtÞ
is the so-called M � 1 source vector whose components are
the sm(t) (1rmrM). We denote by Mr and Mnr the number
of rectilinear and nonrectilinear sources respectively such that
MrþMnr ¼M. As we only propose a preliminary method to
detect rectilinearity in the observation vector (56), we limit
our analysis to overdetermined mixtures of sources for which
MrN. The case of underdetermined mixtures of sources, for
which M4N, requires further developments which are not
presented in this paper.

5.2.2. Statistics
The SO statistics of the observations which are

exploited in the following correspond to the temporal
mean of the first and second correlation matrices of xðtÞ,
defined by

Rx ¼def 〈E½xðtÞxHðtÞ�〉¼ARsA
Hþη2I¼defRxs þη2I ð57Þ

Cx ¼def〈E½xðtÞxT ðtÞ�〉¼ACsA
T ; ð58Þ

where η2 is the power of the background noise per
antenna, Rs ¼def 〈E½sðtÞsHðtÞ�〉 and Cs ¼def 〈E½sðtÞsT ðtÞ�〉, diagonal
under the previous hypotheses, are the temporal mean of
the first and second correlation matrices of sðtÞ respec-
tively and Rxs ¼defARsA

H is the temporal mean of the first
correlation matrix of the mixed sources. Note that the
elements ½i; i� of matrices Rs and Cs, denoted by Rs½i; i� and
Cs½i; i� respectively, are such that Rs½i; i� is the input power
of the source i per omnidirectional antenna, denoted by πi,
and Cs½i; i� ¼ γiRs½i; i�, where γi is the SO noncircularity
coefficient of source i.

In the same way, the fourth order (FO) statistics of the
observations which are exploited in the following corre-
spond to the temporal mean, Q x, of the first quadricovar-
iance matrix of xðtÞ whose elements are defined by
Q x½i; j; k; l� ¼def 〈CumðxiðtÞ; xnj ðtÞ; xnkðtÞ; xlðtÞÞ〉. Using (56) and
assuming that Q x½i; j; k; l� is the element ½Nði�1Þþ j;
Nðk�1Þþ l� of matrix Q x, we obtain the expression of the
latter, given, under the previous assumptions, by

Q x ¼ ðA � AnÞQ sðA � AnÞH

¼ ∑
M

m ¼ 1
cmðam � an

mÞðam � an

mÞH ; ð59Þ

where Q s is the temporal mean of the first quadricovari-
ance matrix of sðtÞ, ci ¼def 〈CumðsiðtÞ; sni ðtÞ; sni ðtÞ; siðtÞÞ〉 and
�corresponds to the Kronecker product.

5.3. A preliminary method to detect rectilinearity

5.3.1. Philosophy of the method
The philosophy proposed in this paper to blindly detect

a rectilinear source in the observation (56) from a given
number of observation snapshots K consists, for each value
of the source number estimate, bM , comprised between 1
and N (since M is not known a priori):
�
 to blindly separate the bM mixed sources which are
assumed to be present in xðtÞ, from a well-known blind
source separation method of instantaneous mixture of
sources developed these last 20 years [20],
�
 to estimate the SO noncircularity coefficients, bγo;i, of all
the outputs i (1r ir bM) of the associated separator,
�
 to compare, for each separator output i (1r ir bM), jbγo;ij
to a threshold βðK; bMÞ whose value, which depends on
K and bM , the chosen separator and the noisy mixture of
sources, is a function of the false alarm rate we have
chosen a priori;
�
 to declare detection of rectilinearity when one jbγo;ij is
beyond the threshold βðK ; bMÞ.

5.3.2. Steps of the method
The mathematical steps of the method described pre-

viously are summarized hereafter:
�
 Initialization of the number of source estimate : bM ¼ 1.

�
 Blind source separation of the bM mixed sources which

are assumed to be present in xðtÞ. We choose here the
JADE method presented in [5] whose different steps are
summarized hereafter:

○ Empirical sample estimation, bRxðKÞ [15], of Rx from
the K observation snapshots xðkTeÞ, (1rkrK),
where Te is the sample period.

○ Pre-whitening of the observation vectors xðkTeÞ,
(1rkrK), by the pseudo-inverse, bF, of a square-
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root of bRxs ðKÞ, an empirical estimate of Rxs of rankbM , computed from bRxðKÞ and bM . This pre-whitening
operation aims at orthonormalizing the source
steering vectors so as to search for the latter through
a unitary matrix U, simpler to handle. We denote by
zðkTeÞ ¼defbFxðkTeÞ, (1rkrK), the K bM � 1 whitened
sampled observation vectors.

○ Empirical estimation, bQ zðKÞ [15], from the K obser-
vation snapshots zðkTeÞ, (1rkrK), of Q z, the first
quadricovariance matrix of zðtÞ).

○ Blind identification, by bU, of the U matrix so as to
jointly diagonalize the bM weighted eigenmatrices ofbQ zðKÞ, associated with the bM eigenvalues having the
greatest modulus, where the weights correspond to
the eigenvalues themselves.

○ Blind identification, bA , of the mixing matrix A frombU and bF.
○ Building of the N � bM blind source separatorcW ¼ bR �1

x ðKÞbA and generation of the K bM � 1 output
vectors yðkTeÞ ¼cWH

xðkTeÞ (1rkrK), containing,
for each sample k, the bM separated sources respec-
tively. The component i of yðkTeÞ is denoted by
yiðkTeÞ.
Table 1

jbγ o;maxðK; bM Þj as a function of K and bM for scenario 1: (QPSK, QPSK), N¼2,
SO noncircularity coefficient estimation of the outputs
of the separator: For each output i (1r ir bM), of the
separator cW , estimation, from the K output samples
yiðkTeÞ (1rkrK), of the SO noncircularity coefficient
of yi by bγo;i defined by

○ bγo;i ¼ ∑
K

k ¼ 1
y2i ðkTeÞ= ∑

K

k ¼ 1
jyiðkTeÞj2 ð60Þ
M¼2, Te ¼ T , μ¼ 0:3, π1=η2 ¼ π2=η2 ¼ 10 dB, θ1 ¼ 301, θ2 ¼ 801, ϕ1 ¼ 401,
ϕ2 ¼ 801.

K¼10 K¼20 K¼40 K¼80 K¼100 K¼1000
bM ¼ 1 0.395 0.026 0.071 0.081 0.162 0.033bM ¼ 2 0.420 0.139 0.114 0.150 0.226 0.032

Table 2

jbγ o;maxðK; bM Þj as a function of K and bM for scenario 2: (BPSK, QPSK), N¼2,
M¼2, Te ¼ T , μ¼ 0:3, π1=η2 ¼ π2=η2 ¼ 10 dB, θ1 ¼ 301, θ2 ¼ 801, ϕ1 ¼ 401,
Potential detection of rectilinearity:
○ Choice of a threshold, βðK; bMÞ, ensuring a given false

alarm rate.
○ If bjγo;ij4βðK; bMÞ for a particular value of i:

þ Rectilinearity detection.
þ End of the method.

○ If bjγo;ijrβðK; bMÞ for all i (1r ir bM) and if bMoN:
þ Replace bM by bMþ1 and reiteration of the steps

of the method.
○ If bjγo;ijrβðK; bMÞ for all i (1r ir bM) and if bM ¼N:

þ No rectilinearity detection.
þ End of the method.
ϕ2 ¼ 801.

K¼10 K¼20 K¼40 K¼80 K¼100 K¼1000

bM ¼ 1 0.863 0.380 0.512 0.521 0.556 0.460bM ¼ 2 0.897 0.873 0.882 0.902 0.901 0.912

Table 3

jbγ o;maxðK; bM Þj as a function of K and bM for scenario 3: (BPSK, BPSK), N¼2,
M¼2, Te ¼ T , μ¼ 0:3, π1=η2 ¼ π2=η2 ¼ 10 dB, θ1 ¼ 301, θ2 ¼ 801, ϕ1 ¼ 401,
ϕ2 ¼ 801.

K¼10 K¼20 K¼40 K¼80 K¼100 K¼1000

bM ¼ 1 0.209 0.088 0.437 0.113 0.057 0.152bM ¼ 2 0.979 0.939 0.894 0.936 0.939 0.908
5.3.3. Performance of the method
To briefly illustrate the performance of the proposed
method, we consider that a uniform linear array (ULA) of
N omnidirectional sensors, equispaced half a wavelength
apart, receives a background noise and two statistically
independent NB sources. The sources are either BPSK
(rectilinear) or QPSK (SO circular) sources having the same
symbol duration T and the same raised cosine pulse
shaped filter with a roll-off μ. The two sources are
synchronized to each other. The source m (m¼ 1;2) has a
DOA with respect to broadside equal to θm, a phase on the
first sensor equal to ϕm and a Signal-to-Noise ratio per
antenna equal to πm=η2. Three scenarios corresponding to
(QPSK, QPSK), (BPSK, QPSK) and (BPSK, BPSK) sources
respectively are considered in the following. For all of
these scenarios, N¼2, Te ¼ T , μ¼ 0:3, θ1 ¼ 301, θ2 ¼ 801,
ϕ1 ¼ 401, ϕ2 ¼ 801, π1=η2 ¼ π2=η2 ¼ 10 dB. Note that the
SNR of the sources are chosen not too strong to verify
the ability of the proposed method to detect rectilinearity
in the observations even in relatively difficult situations.

Under these assumptions, Tables 1–3 show, for one
realization of each of the three previous scenarios, for
several values of K and for all the possible values of bM (i.e.,bM ¼ 1 or 2), the maximum value of bjγo;ij over all the
outputs of the separator (1r ir bM), denoted by
jbγo;maxðK; bMÞj. For each couple (K ; bM), we note a relatively
weak value of jbγo;maxðK; bMÞj with respect to one for sce-
nario 1, for which no rectilinear source is present, and a
value of jbγo;maxðK; bMÞj greater than 0.87 for bM ¼ 2 for
scenarios 2 and 3, i.e., in the presence of at least one
rectilinear source. These results thus show, for each couple
(K ; bM), the existence of a high contrast of values
jbγo;maxðK; bMÞj between scenario 1 and scenarios 2 and 3,
even increasing with relatively high values of K (KZ100)
and bM ¼ 2. This high contrast of values jbγo;maxðK; bMÞj
between the absence and the presence of rectilinear
sources jointly with a thinner analysis, out of the scope
of this paper, would allow to choose, for each couple
(K ; bM), a threshold βðK; bMÞ ensuring a good probability of
rectilinearity detection for scenarios 2 and 3, a poor
probability of rectilinearity detection for scenario 1 jointly
with a relatively low false alarm rate in all cases, hence the
interest of the proposed method.
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5.4. A preliminary method to detect quasi-rectilinearity

The philosophy proposed in this paper to detect a
rectilinearity in the observation (56) can be extended to
detect quasi-rectilinear sources such as MSK, GMSK or
OQAM sources to within some adaptations of the method.
Indeed a quasi-rectilinear source is a source which can be
written as a filtered version of a rectilinear source after a
derotation operation by i� t=T , where T is the symbol
duration for MSK and GMSK sources and half the symbol
duration of the associated QAM modulation for OQAM
source (see [11,31]). In this context, the method proposed
in Section 5.3 has to be adapted to take into account both
the derotation and the filtering operation.

The derotation operation requires the a priori estimation
of the symbol rate of each source, which corresponds to the
first nonzero cyclic frequency of the first correlation function
of the source. Thus, a first adaptation of the method is to
implement a first step of cyclic frequency detection in the
first correlation matrix of the observations. Such cyclic
detectors have been proposed for example in [16] by
Gardner. Once these cyclic frequencies of the observations
have been estimated, the possible symbol durations of the
sources are available. For each of these possibilities, corre-
sponding derotated observations (for potential MSK, GMSK
or OQAM modulations) may be built and may correspond to
the inputs of the method proposed in Section 5.3.

The filtering operation requires the use of blind source
separators able to process convolutive mixtures of cyclos-
tationary sources instead of instantaneous mixtures. For
this reason, separators such as JADE become useless and
have to be replaced by more sophisticated sources separa-
tors such as those developed in [18,19].

With these modifications, the philosophy developed in
Section 5.3 may still be used to detect quasi-rectilinearity
in the observations but at the price of a higher complexity.

6. Synthesis and conclusion

In this paper, enlightening properties and performance, in
terms of output SINR and SER after demodulation, of the Time
Invariant (TI) WL MMSE beamformer in the presence of SO
noncircular SOI and/or interferences which are not necessarily
rectilinear have been presented in a self-contained, coherent,
unified, guided and progressive way. One property of the WL
MMSE beamformer concerns its collinearity with a WL MVDR
beamformer (called WL MVDR2) which steers a beam in the
virtual direction of an extended steering vector ~sγ which
depends on both the true channel or steering vector, s, and
the SO noncircularity coefficient, γs, of the SOI. An equivalent
GSC structure of this WL MVDR2 beamformer has been
described in the paper. This allows in particular to implement
the WL MMSE beamformer from either the knowledge of a
training sequence which is correlated with the SOI and not
correlated with the total noise (as in radiocommunications) or,
to within a constant, the knowledge or the estimation of both
s and γs (as for spectrum monitoring applications). Besides,
under the constraint ~wH ~sγ ¼ 1, it has been shown in the
paper that SINR maximization and MSE minimization are
equivalent criteria which both generates the WL MVDR2
beamformer. Despite the fact that the WL MMSE beamformer
always increases the output performance with respect to the
linear MMSE beamformer (or the Capon's beamformer) for SO
noncircular SOI and/or interferences, whatever the number N
of antennas, it increases the number of sources to be
processed beyond N�1 only when at least two of the
received sources (SOI and/or interferences) are rectilinear. In
particular, it allows SAIC in the presence of a rectilinear SOI
and one rectilinear interference. These results confirm in
particular the well-known practical interest to take into
account the potential SO noncircularity property of a recti-
linear or an almost rectilinear interference. However a perfor-
mance analysis in the presence of either arbitrary SO
noncircular or rectangular QAM modulated interferences, in
terms of both output SINR and SER, shows, at least for a strong
SOI, the relatively weak practical interest of the WL MMSE
beamformer for strong noncircular nonrectilinear interfer-
ences. This breakthrough between rectilinear and noncircular
nonrectilinear strong interferences, which does not seem to
be well-known by the scientific community, thus generates a
new open problem for the choice between linear and WL
MMSE receiver corresponding to the detection of rectilinearity
(or quasi-rectilinearity), instead of noncircularity, in a given
noisy observation. Although this question is mainly out of the
scope of this paper, we have proposed preliminary tools based
on blind source separation methods to solve this problem.
An other consequence of the previous breakthrough, for
radio communications networks using rectilinear or quasi-
rectilinear modulations associated with optimal TI WL beam-
formers, is that it is then crucial to estimate and to compen-
sate, with a precision depending on the training sequence and
burst duration, the different frequency offsets of the source
before their processing. This precision has been evaluated
precisely and recently in [14] for BPSK links whose burst
structure is similar to that of GSM. Further results will be
presented elsewhere for MSK, GMSK and OQAM modulations
and applied to radiocommunications networks using these
modulations such as the GSM or VAMOS network for
example.
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