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A factor graph approach to iterative channel
estimation, detection and decoding for two-path
successive relay networks
Frederic Lehmann

Abstract—We consider cooperative communications between a
source and a destination node with the help of two relays. In
order to overcome the half-duplex constraint, the amplify-andforward two-path relaying protocol is used. We adopt orthogonal
frequency-division multiplexing modulation to combat frequencyselective channels and asynchronous reception at the destination
node.
In this paper, we develop a coherent receiver architecture
suitable for unknown block fading channels. A factor graph representing the joint a posteriori probability of the coded symbols
and the channels in the frequency domain is introduced. Then, we
derive a Bayesian inference algorithm based on message-passing
over the factor graph. The resulting iterative receiver maintains
low-complexity, based on the interaction between an off-theshelf soft-input soft-output decoder and a newly introduced persubcarrier processor for two-path relaying channel estimation
and symbol detection. Simulation results show that the proposed
solution maintains the full diversity order, even with a limited
number of training blocks.
Index Terms—Two-path successive relaying, amplify-andforward, OFDM, joint channel estimation, detection and decoding, factor graph, message-passing receiver.

I. I NTRODUCTION
Cooperative communications, by forming a virtual antenna
array with distant single antenna systems, have the potential
to improve the capacity and bit error rate (BER) performance
of wireless networks [1]. These performance gains can be
exploited to expand the cell range in future 5G wireless
communications [2] or to relax the power supply constraints
in ad-hoc networks [3].
Although full diversity can be achieved, relays are usually
subject to the half-duplex constraint due to radio implementation limitations, which incurs a multiplexing loss [1]. Twopath successive relaying was introduced in [4] as a remedy
to this problem. This protocol is based on two half-duplex
amplify-and-forward (AF) relays, that alternatively listen and
forward messages from a source to a destination node. Consequently, the half-duplex throughput loss is asymptotically
recovered [5]. Moreover, several extensions including cooperative spectrum sharing [6], multiple-antenna processing at the
destination node [7], using orthogonal spreading codes in consecutive time slots [8] and dual-hop multiple-input multipleThe author is with SAMOVAR, Télécom SudParis, CNRS, Université Paris-Saclay, 9 rue Charles Fourier 91011 EVRY, France (e-mail:
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output (MIMO) relaying with more than two relays [9], have
been published recently.
However, several important practical issues listed below,
have only partially been addressed in the litterature related
to AF two-path relaying.
First, initial research on the subject assumed frequency-flat
fading channels and perfect timing synchronization between
the relay-to-destination and source-to-destination paths [4][5]. However, frequency-selective fading channels and asynchronism between the source node and the relays are more
realistic in wireless environments. Therefore, we adopt the
same solution as in [10], initially proposed for AF two-way
cooperative communications. We use orthogonal frequencydivision multiplexing (OFDM) modulation, which turns the
frequency-selective channel into multiple parallel frequencyflat channels and removes timing errors between signals originating from the source and relays by inserting a long-enough
cyclic prefix (CP).
The second issue is that the source and relay transmissions are a priori not orthogonal, thus generating inter-relay
interference (IRI) [4]-[5]. Therefore in this paper, we will
restrict ourselves to the case where directional antennas are
available at both relays to eliminate IRI [7], which is feasible
for infrastructure-based fixed relays, for instance.
Thirdly, in two-path protocols, the destination receives independent copies of the same information directly from the
source, then from one of the relays during subsequent time
slots. While this mechanism is essential to provide spatial
diversity of order two, it also converts the equivalent sourceto-destination link into a channel with memory, due to intersymbol interference (ISI) [4]-[5]. Extracting the spatial diversity gain thus requires to take the channel memory into account. Efficient hard-output symbol detection methods include
the maximum-likelihood sequence estimator (MLSE) [4], [11],
iterative serial interference cancellation (SIC) incorporating
maximum ratio combining (MRC) [12] and multiuser detection [13]. Soft-input soft-output (SISO) symbol detection
based on the BCJR algorithm [14] is also used in [15] for the
purpose of iterative detection and decoding.
Fourthly, all aforementioned two-path protocol detection
schemes have been studied under perfect channel state information (CSI). However, unreliable source-to-destination (S-D)
and composite source-to-relay-to-destination (S-R-D) channel
estimates may erode the cooperative diversity gain. It follows
that channel estimation is not only an important issue for twopath successive AF relaying, but also a non-trivial task due to
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the superposition of signals originating from the source and
relays. Conventional estimation procedures for OFDM-based
AF cooperative communications [16]-[17] can also be adapted
for two-path relaying, by sounding the channel with three
consecutive OFDM training blocks. However, the drawback
of such techniques is the implicit assumption that the channel
will remain static during subsequent data blocks, until channel
sounding is restarted all over again. Similarly to prior work on
point-to-point OFDM links [18], there is a need to tackle the
problem of faster channel variations in the context of two-way
relaying, a goal that was not targeted in previous approaches.
In this paper, we consider the application of the factor graph
framework [19]-[20] to two-path successive relaying, for the
purpose of Bayesian inference in the frequency-domain. Let
us first consider the factor graph for symbol detection and
channel estimation. Our focus is on block fading channels,
where channel time variations between successive pilot blocks
should be explicitly taken into account, on top of the ISI
generated by the successive relaying mechanism. Therefore,
a mixed discrete-continuous model is requested to model the
memory in the network. At the destination node we model
the channel time-selectivity and the ISI induced by the direct
and alternating relay paths by a first-order Markov model. We
show that for a frame of consecutive OFDM blocks, on each
subcarrier the detection subgraph corresponding to symbol
variables (resp. the channel estimation subgraphs for S-D
channel frequency response (CFR) variables and the S-R-D
CFR variables) has a simple tree-like structure. Consequently,
Bayesian inference of the discrete symbols and the continuous
CFR variables based on message-passing, reduces to a persubcarrier forward-backward procedure on the corresponding subgraphs. Nevertheless, multipath fading induces deep
notches in the spectrum of the received signal, thus exposing
the corresponding OFDM modulated subcarriers to low signalto-noise ratios. We apply the classical solution consisting of
forward error correction (FEC) coding across subcarriers [21]
associated with both time and frequency interleaving. We use
codes admitting a factor graph representation, such as convolutional, low-density parity-check or turbo-codes [22]. Now, connecting the factor graphs corresponding respectively to FEC
decoding and symbol detection with channel estimation, leads
to the complete factor graph. Performing message-passing
on the complete factor graph results in an iterative receiver
implementing joint channel estimation, symbol detection and
decoding for two-path relay networks.
The main technical contributions of this work are
• A bandwidth-efficient two-path successive relaying
scheme with a small pilot insertion rate (PIR). Accurate CSI reconstruction between pilot blocks is achieved
by using first-order Markov processes to model timeselectivity and by coupling channel estimation with symbol detection and decoding.
• A highly parallelizable, per-subcarrier channel estimation
and ISI mitigation scheme. Exploiting assumed conditional independences between observed and unobserved
variables, the factor graph representation of the channel
estimation and detection problem at hand, exhibits parallel tree-like subgraphs for each subcarrier. Thus message-
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Fig. 1. Frame structure (illustrated for K = 6) including: pilot blocks
(shaded) and data blocks (unshaded). The AF two-path relaying protocol is
represented by the operation of each node: listening (RX), transmitting (TX)
or iddle (blank).

passing implementation boils down to scalar forwardbackward processors activated in parallel for each subcarrier.
• A low-complexity approximate message-passing receiver,
inspired from Gaussian belief propagation (GaBP) on
Gaussian graphical models [23]. Approximating all
continuous-valued messages on the factor graph by Gaussians makes the proposed iterative receiver tractable, by
preserving a constant complexity per time recursion and
per iteration.
Throughout the paper, bold letters indicate vectors and
matrices and N (x : m, P ) (resp. NC (x : m, P )) denotes a real
(resp. circularly symmetric complex) Gaussian distribution of
the variable x, with mean m and variance P .
This paper is organized as follows. First, the system model
for OFDM modulated amplify-and-forward two-path successive relaying, along with the corresponding factor graph representation, is introduced in Sec. II. The proposed iterative
receiver for code-aided ISI mitigation and channel estimation,
based on exact message-passing over the factor graph, is
derived in Sec. III. A low-complexity alternative, approaching all continuous-valued messages by Gaussian messages is
presented in Sec. IV. Finally, in Sec. V, the performances of
the proposed iterative receiver are assessed through numerical
simulations for the sake of comparison with classical pilotbased and multiuser techniques.
II. S YSTEM

MODEL

A. Protocol description
We consider a source node S, that transmits data to a
destination node D, with the help of two cooperative relay
nodes, R1 and R2 . All nodes are subject to the half-duplex
constraint (i.e. they cannot send and receive at the same time).
Each relay is equipped with a directional antenna forming
a null in the reception pattern in the direction of the other
relay for the purpose of IRI cancellation, while retaining
near-omnidirectional coverage over the remaining angles. The
source S implements OFDM block transmission, so that the
destination D can easily handle channel frequency selectivity
and asynchronism [10]. At S, OFDM blocks are arranged in
frames containing K + 4 consecutive OFDM blocks, among
which three (resp. K + 1) are devoted to the transmission of
the pilot blocks (resp. data blocks). Without loss of generality,
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preceeded by a length-G cyclic prefix (CP), forms the k-th
transmitted OFDM block. Note that frequency interleaving is
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used in order to exploit the frequency diversity induced by
^
Iterative
Remove
πf -1
DFT
b
Receiver
multipath propagation [24].
CP
Now, we define the block-level relay processing. Let us
Block-level processing
Frame-level processing
consider the transmission link from node A to node B, EAB
denotes the average symbol energy at the receiving antenna
Fig. 2. Architecture of the OFDM-based nodes: source (S), relays (R1 , R2 )
of node B. The additive white Gaussian noise (AWGN)
and destination (D).
samples at the receive antenna of each node, are independently
and identically distributed (i.i.d.) according to a zero-mean
we will consider the first frame in the sequel. Let k denote complex Gaussian distribution with variance N0 . To keep relay
the index of the time slot devoted to the transmission of each processing simple, AF is implemented. In order to reduce
OFDM block at S. As illustrated by Fig. 1, three time slots the required CP length, during a relay’s listening phase, an
(corresponding to k < 0) are devoted to pilot OFDM blocks, OFDM block transmitted by S is overheard and undergoes
at the the beginning of each frame. The following K + 1 CP removal, amplification and new CP insertion [10]. This
time slots, where K is even (corresponding to k = 0, . . . , K) technique removes the inter-block interference (IBI) (confined
are devoted to data blocks, transmitted using the AF two- inside the CP) altogether at relay Ri [10], so that the effective
path successive relaying protocol. This means that the relays length of the compound S-Ri -D CIR at D becomes L, instead
alternatively listen to S and transmit to D, since they cannot of 2L−1 for the concurrent method where Ri applies AF to the
factor is βR1 =
do both simultaneously in half-duplex mode [4]-[5]. More CP
p as well.
p gain p
p At R1 (resp. R2 ) the amplifier
ER1 D / ESR1 + N0 (resp. βR2 =
ER2 D / ESR2 + N0 ),
precisely, R1 (resp. R2 ) is in a listening phase (resp. in
a transmission phase) during even time slots, while during in order to renormalize the symbol energy to ER1 D (resp.
odd time slots its is the other way around. The resulting ER2 D ). These operations induce a latency of one OFDM
multiplexing gain given by K/(K + 4), approaches 1 when K symbol. During a relay’s transmission phase, the currently
is sufficiently large. D waits for the K + 1 OFDM data blocks available OFDM signal is re-radiated towards D. Here, we
and the three pilot blocks at the beginning of the current and assume that each relay is equipped with a directional antenna
that receives signals originating only from S, while completely
of the next frame, before it initiates detection and decoding.
eliminating IRI.
Finally, let us describe the block-level frequency-domain
B. Node architecture
processing performed at the destination D. After CP removal,
The baseband signal processing architecture of S, R1 , R2 the k-th OFDM block received from S, superposed with
and D is depicted in Fig. 2. We let N denote the number of the signal sent by R1 or R2 , is transformed by an N subcarriers per OFDM block and the size of the modulation point discrete Fourier transform (DFT) followed by frequency
de-interleaving into a noisy observation vector Y(k) =
alphabet is 2B .
0
1
N −1
(k)]T , which is in turn fed to the
Let us start with the operations performed by S at the frame [Y (k), Y (k), . . . , Y
level. As stated in Sec. II-A, during a frame S transmits K proposed iterative receiver for data recovery at the frame level.
data blocks, corresponding to a sequence of independently
and uniformly distributed information bits, b. To benefit from C. Channel model
temporal diversity over the entire frame [24], the binary
We assume all nodes to be sufficiently far appart in space
vector b is passed to a FEC code, followed by a pseudo- so that the channel impulse response (CIR) of all existing
random bit-interleaver πb (.) to obtain the vector of coded wireless links are statistically independent [26]. Assuming a
bits c = [c1 , . . . , cKN B ]. The deterministic encoding and bit- rich multipath scattering environment, during the k-th time
interleaving function is denoted by
slot, the discrete CIR between any two nodes A and B
c = C[b].
The mapper, corresponding to the 2B -ary modulation alphabet,
partitions c to length-N vectors of complex data symbols,

is represented by a length-L vector of independent zeromean complex Gaussian channel coefficients [25], hA,B (k) =
L−1
[h0A,B (k), . . . , hA,B
(k)]T . For convenience, the power of the L
PL−1
coefficients are normalized, such that l=0 E[|hlA,B (k)|2 ] =
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D. Observation model
At the destination node D, the received block during the
k-th time slot is the superposition of signals sent by S and
by one of the relays, respectively. These signals have different
timing offsets due to different propagation delays, which may
cause IBI. As shown in [10], a long enough CP will solve
this problem. Furthermore, the superposed signals impinging
at D have the same carrier frequency offset (CFO), since
AF relaying is used. Consequently, conventional single-user
OFDM timing and CFO compensation are in order [27]. In the
sequel, we will assume no residual IBI due to asynchronism
(perfect timing synchronization) and ideal CFO compensation
at D, so that subcarrier orthogonality is preserved.
We consider the frequency-domain received signal at D, i.e.
after CP removal, N -point DFT and frequency de-interleaving:
1) If the time slot k is even: On the n-th subcarrier
corresponding to the transmission of dn (k), n = 0, . . . , N −1,
D receives
p
π −1 (n)
Y n (k) = ESD HSDf
(k)dn (k)+
−1
p
π −1 (n)
π (n)
(k − 1)HR2fD (k)dn (k − 1)+
ESR2 βR2 HSRf2
zen (k),

(1)
where the first (resp. second) term stems from the signal
directly received from S (resp. received from R2 ). The third
term is the noise contribution, which is the sum of the noise
at D during the current time slot and the noise forwarded by
R2 during the previous time slot. These noise terms being
independent, zen (k) is i.i.d. noise, whose distribution can
approximated as NC (zen (k) : 0, Re ), where Re = (βR2 2 +1)N0 .
Remark 2.1: Note that according to Fig. 1, a slight modification is needed for the particular time slots k = 0 and
k = K + 1. When k = 0 only the first signal component
and the noise contribution at D exist. Conversely, when
k = K + 1 only the second signal component while both the
noise contribution at D and the one forwarded by R2 exist.
2) If the time slot k is odd: On the n-th subcarrier corresponding to the transmission of dn (k), n = 0, . . . , N − 1, D
receives
p
π −1 (n)
(k)dn (k)+
Y n (k) = ESD HSDf
p
π −1 (n)
π −1 (n)
ESR1 βR1 HSRf1
(k − 1)HR1fD (k)dn (k − 1)+
zon (k),

(2)
where the first (resp. second) term stems from the signal directly received from S (resp. received from R1 ). The third term
zon (k), is the i.i.d. noise contribution, whose distribution can
approximated as NC (zon (k) : 0, Ro ) with Ro = (βR2 1 + 1)N0 .
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Fig. 3. Factor graph corresponding to receiver processing at the destination
node D. Here the time slot index k is assumed even.

For ease of exposition, we introduce the following CFR
notations for the k-th time slot on the n-th subcarrier
p
π −1 (n)
(k)
Xdn (k) = ESD HSDf
−1
p
π −1 (n)
π
(n)
(3)
(k − 1)HR2fD (k)
Xen (k) = ESR2 βR2 HSRf2
−1
−1
p
π
(n)
π
(n)
Xon (k) = ESR1 βR1 HSRf1
(k − 1)HR1fD (k).

The first line corresponds to the CFR of the direct S-D link.
The second (resp. third) line corresponds to the composite
CFR of the S-R2 -D (resp. S-R1 -D) link, which appears during
even (resp. odd) time slots. Using the Rayleigh fading and
link independence assumptions of Sec. II-C, we can find the
prior distribution of the elements in (3). The prior distribution
of Xdn (k) is circularly symmetric complex Gaussian with
parameters
E [Xdn (k)] = 0


E |Xdn (k)|2 = ESD ,

(4)

and the prior distribution of Xen (k) and Xon (k) is a complex
double Gaussian distribution [28], whose first two moments
are
E [Xen (k)] = E [Xon (k)] = 0


E |Xen (k)|2 = ESR2 βR2 2


E |Xon (k)|2 = ESR1 βR2 1 .

(5)

E. Factor graph representation
A factor graph is a convenient visualization of the factorization of a global function into a product of local functions, depending on a subset of the arguments also called
variables [19]-[20]. Marginals of the global function can then
be efficiently computed using the sum-product algorithm [19][20], which consists in message-passing over the factor graph.
Since our primary interest focuses on Bayesian inference of
CFRs and the encoded bits, we choose the global function as
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the a posteriori probability density function (p.d.f.) of interest,
while the variables are the unobserved and observed variables
defined previously.
At the destination node D, the unobserved variables contain
continuous variables, such as the CFRs defined in (3)

Finally, exploiting the fact that mapping and encoding/bitinterleaving functions are deterministic, we obtain
p(D|c) ∝

N
−1 K−1
Y
Y

I (dn (k) = Mn (k)[c])

n=0 k=0

Xd = {Xdn (k)}n=0,...,N −1,

p(c|b) ∝ I(c = C[b]),

k=0,...,K−1

Xe = {Xen (k)}n=0,...,N −1,
Xo =

k=1,...,K
n
{Xo (k)}n=0,...,N −1,
k=0,...,K−1

as well as discrete variables, such as the modulated data,
D = {dn (k)}n=0,...,N −1,
k=0,...,K−1

the encoded bit stream, c and the uncoded bit stream, b. The
observed variables are the corrresponding noisy observations,
collected by D during even and odd time slots
Y = {Y n (k)}n=0,...,N −1,

.

where I(.) denotes the indicator function. Furthermore, since
b is uniformly distributed according to Sec. II-B, p(b) is an
irrelevant constant, which plays no role in the factor graph.
The factor graph corresponding to the above factorizations is
depicted in Fig. 3. Without loss of generality, in Fig. 3, the
k-th (resp. k − 1-th or k + 1-th) transmission correspond to an
even (resp. odd) time slot. Variable nodes are represented as
circles and the local functions appearing in the factorization,
denoted by
mn (k) = I (dn (k) = Mn (k)[c])
fdn (k) = p(Xdn (k)|Xdn (k − 1))

fen (k) = p(Xen (k)|Xen (k − 1))
fon (k) = p(Xon (k)|Xon (k − 1))
Therefore, the posterior p.d.f. of interest has the form

p(Y n (k)|Xdn (k), Xen (k), dn (k − 1), dn (k)), k even
n
g
(k)
=
p (Xd , Xe , Xo , D, c, b|Y)
p(Y n (k)|Xdn (k), Xon (k), dn (k − 1), dn (k)), k odd
(7)
∝ p (Y|Xd , Xe , Xo , D) p(Xd )p(Xe )p(Xo )p(D|c)p(c|b)p(b),
k=0,...,K

where the second line in obtained from Bayes’s rule, the fact
that channels for different links are independent (see Sec. II-C)
and the independence between the data and the channels.
Using the memoryless channel assumption due to subcarrier orthogonality and noise independence (see Sec. II-D),
p (Y|Xd , Xe , Xo , D) factorizes into
p (Y|Xd , Xe , Xo , D)
N
−1 n
Y
p(Y n (0)|Xdn (0), dn (0))
=
n=0

K−2
Y

×

×

p(Y n (k)|Xdn (k), Xen (k), dn (k − 1), dn (k))

k=2
k even
K−1
Y

p(Y n (k)|Xdn (k), Xon (k), dn (k − 1), dn (k))

k=1
k odd

o
× p(Y n (K)|Xen (K), dn (K − 1)) .
Now, exploiting the first-order Markov block fading assumption of Sec. II-C and assuming that πf (.) implements ideal
frequency interleaving, we obtain the factorizations
p(Xd ) =
p(Xe ) =
p(Xo ) =

N
−1 n
Y

p(Xdn (0)

n=0
N
−1 n
Y

p(Xen (1)

n=0
N
−1 n
Y

p(Xon (0)

n=0

K−1
Y
k=1

K
Y

o
p(Xen (k)|Xen (k − 1))

k=2
K−1
Y
k=1

o
p(Xdn (k)|Xdn (k − 1))

o
p(Xon (k)|Xon (k − 1)) .

(6)

are represented as squares. We notice that the resulting factor graph can be decomposed into several subgraphs corresponding to distinct Bayesian estimation tasks. All subgraphs
below the complex data symbols are tree-like per-subcarrier
subgraphs, including CFR estimation subgraphs in the background (bold) and the zig-zag data detection subgraph in the
foreground (light). Note that only per-subcarrier subgraphs
related to the previously defined n-th subcarrier are depicted
in Fig. 3. Therefore, it is understood that all per-subcarrier
subgraphs related to other subcarriers have exactly the same
structure and should be depicted in parallel perspective (which
we refrain from doing here, in order not to overload the figure).
Conversely, above the complex data symbols, an across all
subcarriers subgraph appears, that corresponds to the local
function I(c = C[b]), or in other words to bit-interleaving
and FEC constraints. As expected, the demodulation subgraphs
form the interface between per sub-carrier subgraphs and the
across all subcarriers subgraph.

III. E XACT

FORM OF THE MESSAGE - PASSING RECEIVER

We assume that the reader is familiar with the factor graph
framework [19]-[20]. The goal of the proposed Bayesian
receiver is to estimate the CFRs, detect the data symbols and
decode the message bits at the receiver side. Using the factor
graph framework will greatly facilitate these tasks, which
reduce to propagating messages along the edges of the factor
graph using the sum-product rule [19]-[20]. We now turn our
attention to deriving the exact expression of those messages
on each subgraph. We let µu→v (.) denote the message sent
by node u to node v in the factor graph.
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factor node g n (k) results in

A. Per-subcarrier S-D CFR estimation subgraph
The incoming messages on the S-D CFR estimation subgraph are computed from the sum-product rule applied at the
factor node g n (k)

dn (k−1) dn (k)

× µdn (k)→gn (k) (d (k))
Z
× p (Y n (k)|Xdn (k), Xen (k), dn (k − 1), dn (k))

(8)

× µXen (k)→gn (k) (Xen (k))dXen (k),
which acts as a the likelihood of Y n (k) given Xdn (k), where
the discrete symbols dn (k − 1), dn (k) and the CFR variable
Xen (k) are marginalized out. Now let us compute the messages
in the forward direction
µfdn (k+1)→Xdn (k+1) (Xdn (k + 1))
Z
∝ p(Xdn (k + 1)|Xdn (k))µgn (k)→Xdn (k) (Xdn (k))
×

(10)

× µfdn (k+1)→Xdn (k) (Xdn (k))dXdn (k).

where µXdn (k)→gn (k) (Xdn (k)) is readily available from (11).
(12) acts as a the likelihood of Y n (k) given Xen (k), where the
discrete symbols dn (k−1), dn (k) and the CFR variable Xdn (k)
are marginalized out. During even time slots, the message in
the forward direction is
µfen (k+1)→Xen (k+1) (Xen (k + 1))
Z
∝ p(Xen (k + 1)|Xen (k))µgn (k)→Xen (k) (Xen (k))

(13)

µfen (k)→Xen (k) (Xen (k))
Z
∝ p(Xen (k)|Xen (k − 1))

(14)

× µfen (k−1)→Xen (k−1) (Xen (k − 1))dXen (k − 1)
in the absence of observation on Xen (k − 1).
Similarly, during even time slots, the message in the backward direction is
µfen (k)→Xen (k−1) (Xen (k − 1))
Z
∝ p(Xen (k)|Xen (k − 1))µgn (k)→Xen (k) (Xen (k))

(15)

× µfen (k+1)→Xen (k) (Xen (k))dXen (k)

Now let us turn our attention to the outgoing messages from
the S-D CFR estimation subgraph. Applying the sum-product
rule at the variable node Xdn (n), we obtain

∝ µfdn (k)→Xdn (k) (Xdn (k))µfdn (k+1)→Xdn (k) (Xdn (k)),

× µXdn (k)→gn (k) (Xdn (k))dXdn (k),

while during odd time slots it reduces to the prediction integral
(9)

which has the form of a recursive Bayesian filter. The messages in the backward direction follow a similar backward
Bayesian filter recursion

µXdn (k)→gn (k) (Xdn (k))

(12)

× µfen (k)→Xen (k) (Xen (k))dXen (k)

µfdn (k)→Xdn (k) (Xdn (k))dXdn (k),

µfdn (k)→Xdn (k−1) (Xdn (k − 1))
Z
∝ p(Xdn (k)|Xdn (k − 1))µgn (k)→Xdn (k) (Xdn (k))

dn (k−1) dn (k)

× µdn (k)→gn (k) (dn (k))
Z
× p (Y n (k)|Xdn (k), Xen (k), dn (k − 1), dn (k))

µgn (k)→Xdn (k) (Xdn (k))
X X
µdn (k−1)→gn (k) (dn (k − 1))
∝
n

µgn (k)→Xen (k) (Xen (k))
X X
µdn (k−1)→gn (k) (dn (k − 1))
∝

(11)

which, as a product of forward and backward expressions
recursively obtained in (9) and (10), acts as a Bayesian
smoothing equation.
Remark 3.1: All expressions are valid for k even as in
Fig. 3. If k is odd, the messages keep the same expression,
but replacing the subscripts e by o.
Remark 3.2: Note that since the S-D CFR estimation subgraphs for all subcarriers are disconnected, the messagepassing algorithm (8)-(11) can be executed in parallel for all
subcarrier indices n = 0, . . . , N − 1.

while during odd time slots it reduces to the prediction integral
µfen (k+1)→Xen (k) (Xen (k))
Z
∝ p(Xen (k + 1)|Xen (k))

(16)

× µfen (k+2)→Xen (k+1) (Xen (k + 1))dXen (k + 1)
in the absence of observation on Xen (k + 1). Furthermore the
outgoing messages from the S-R2 -D CFR estimation subgraph
are computed from the smoothing equation
µXen (k)→gn (k) (Xen (k))
∝ µfen (k)→Xen (k) (Xen (k))µfen (k+1)→Xen (k) (Xen (k)),

(17)

obtained from the sum-product rule applied at the variable
node Xen (k).
Again, the messages for all subcarriers can be calculated in
parallel.
C. Per-subcarrier S-R1 -D CFR estimation subgraph

B. Per-subcarrier S-R2 -D CFR estimation subgraph
First let us examine the incoming messages on the S-R2 -D
CFR estimation subgraph. The sum-product rule applied at the

The S-R1 -D CFR estimation subgraph structure is exactly
the same as the one exploited for S-R2 -D CFR estimation in
Sec. III-B, with an offset of one time slot. Therefore, details
of message calculations are omitted here.
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D. Per-subcarrier detection subgraph

πb

Message-passing on the per-subcarrier detection subgraphs
is a crutial step, since it allows to take into account the
memory-1 ISI generated by the two-path protocol and in turn
to extract the available spatial diversity. Assume that the input
messages to the detection subgraph, µmn (k)→dn (k) (dn (k)), for
k = 0, . . . , K − 1 are available. We will elaborate further on
these messages in Sec. III-E.
Applying the sum-product rule at the constraint node g n (k),
we obtain again a forward recursion

Across all
subcarriers
processing

Persubcarrier
processing

Eq. (26)

Eq. (32)-(33)

n

× µXdn (k)→gn (k) (Xdn (k))
where µXdn (k)→gn (k) (Xdn (k)) and µXen (k)→gn (k) (Xen (k)) are
readily available from (11) and (17), respectively. The double
integral in (18) acts as a the likelihood of Y n (k) given dn (k −
1) and dn (k), where all CFR variables are marginalized out.
Now, applying the sum-product rule at the constraint node
g n (k + 1), a similar backward recursion is obtained as
µgn (k+1)→dn (k) (dn (k))
X
µgn (k+2)→dn (k+1) (dn (k + 1))
∝
dn (k+1)

× µmn (k+1)→dn (k+1) (dn (k + 1))
Z Z
×
p (Y n (k + 1)|Xdn (k + 1), Xon (k + 1), dn (k), dn (k + 1))
× µXdn (k+1)→gn (k+1) (Xdn (k + 1))

× µXon (k+1)→gn (k+1) (Xon (k + 1))dXdn (k + 1)dXon (k + 1).
(19)

The double integral in (19) acts as a the likelihood of Y n (k +
1) given dn (k) and dn (k + 1), where all CFR variables are
marginalized out. As a by-product, we also obtain the symbollevel probabilities required in (8) and (12) as
µdn (k−1)→gn (k) (dn (k − 1)) =
µgn (k−1)→dn (k−1) (dn (k − 1))µmn (k−1)→dn (k−1) (dn (k − 1)),
µdn (k)→gn (k) (dn (k)) =
µgn (k+1)→dn (k) (dn (k))µmn (k)→dn (k) (dn (k)).
(20)
Finally, the outgoing messages towards the demodulation
subgraph are obtained from the sum-product rule applied at
dn (k) as
(21)

The obtained messages are reminiscent of the message-passing
equalizer developed in [29], which was shown to be optimal
for memory-1 ISI channels in the perfect CSI case. Our
equations (18)-(21) form an extension of this algorithm, for the

Eq. (30)

Soft Decoder

Soft-Input
S-D Channel
Estimator

Soft-Input
S-R2-D Channel
Estimator

Eq. (20)

Pen(k\k)

Yn(k)

Soft-Input
S-R1-D Channel
Estimator

Pon(k\k)

Fig. 4.

× µXen (k)→gn (k) (Xen (k))dXdn (k)dXen (k),

Pdn(k\k)
^
Xen(k\k)

^
Xon(k\k)

dn (k−1)

× µmn (k−1)→dn (k−1) (d (k − 1))
(18)
Z Z
×
p (Y n (k)|Xdn (k), Xen (k), dn (k − 1), dn (k))

πb-1

Eq. (21)
^
Xdn(k\k)

Soft Symbol
Detector
(Equalizer)

µgn (k)→dn (k) (dn (k))
X
µgn (k−1)→dn (k−1) (dn (k − 1))
∝

µdn (k)→mn (k) (dn (k))
∝µgn (k)→dn (k) (dn (k))µgn (k+1)→dn (k) (dn (k)).

Soft
Demodulator

Proposed low-complexity iterative receiver.

case of a memory-1 ISI channel whose CSI is itself obtained
through the messages calculated in Sec. III-A, III-B and III-C.
Remark 3.3: All expressions are valid for k even as in
Fig. 3. If k is odd, the messages keep the same expression,
but swapping the subscripts e and o.
E. Demodulation and decoding subgraph
The messages of the form (21) act as symbol probabilities
at the output of a virtual memory-1 ISI channel. The messages in the opposite direction, i.e. µmn (k)→dn (k) (dn (k)), for
k = 0, . . . , K − 1 and n = 0, . . . , N − 1, can be interpreted as
extrinsic symbol probabilities obtained from the extrinsic bit
probabiblities computed by the decoder. The justification is
that those probabilities are the input and ouput of a belief
propagation algorithm performed on the demodulation and
decoding subgraph, which boils down to standard turbodemodulation. Thus, no further development is needed here.
The interested reader can find the details in [30].
IV. L OW- COMPLEXITY MESSAGE - PASSING RECEIVER
The receiver derived in Sec. III, though the exact form of the
message-passing algorithm, is not amenable to a closed form
solution. This problem is solved under the Gaussian process
assumption introduced in Sec. IV-A for all CFRs. However,
even with this simplification, the computational problem remains unsolved, since the continuous-valued messages are now
in the form of Gaussian mixtures, whose number of mixands
grows with time and the iteration index. In order to specify an
algorithm that can be implemented in practice, we propose a
second simplification in Sec. IV-B-IV-D, which consists in collapsing all continuous-valued messages into a single Gaussian
at each instant and at each iteration. Without using any further
approximation, the analytic expression of the discrete-valued
messages useful for detection and decoding, is obtained in
Sec. IV-E-IV-F. Fig. 4 illustrates the interactions between the
components of the proposed low-complexity iterative receiver,
with references to equation numbers in the text.
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A. CFR state-space model
According to Sec. II-C, Markovian block fading is assumed
for the temporal variations of all channel links. Since ideal frequency interleaving is assumed, we adopt independent random
walk models [31] for all subcarrier indices n = 0, . . . , N − 1
 n
n
n

 Xd (k) = Xd (k − 1) + ∆ud (k)
n
n
Xe (k) = Xe (k − 1) + ∆une (k)
(22)

 n
Xo (k) = Xon (k − 1) + ∆uno (k)
where ∆und (k) ∼
NC (∆une (k) : 0, qe )

NC (∆und (k)
and ∆uno (k)

0, qd ), ∆une (k) ∼
NC (∆uno (k) : 0, qo )

:
∼
are i.i.d. Gaussian driving noises. The parameter qd (resp. qe
and qo ) must be optimized based on the coherence time [25]
of the S-D (resp. the composite S-R2 -D and composite SR1 -D) channel CFR. An initialization in the form of a prior
distribution for Xdn (0) and Xen (1) and Xon (0) is needed, which
is chosen as the circularly symmetric complex Gaussian with
parameters given by (4)-(5). It follows that the CFRs in (3)
are modeled as Gauss-Markov stochastic processes on each
subcarrier. However, as already noted in Sec. II-D, the true
distribution of the S-D CFR is indeed Gaussian, while the true
distribution of the composite S-R1 -D and S-R2 -D CFRs is in
fact double Gaussian. Thus, the state-space model introduced
in this section is a convenient approximation, which makes
sense when only the first and second order moments are of
interest. Our simulation results will validate this approach.
B. Per-subcarrier S-D CFR estimation subgraph

First assume that the symbol-level probabilities
µdn (k−1)→gn (k) (dn (k − 1)) and µdn (k)→gn (k) (dn (k))
are available from (20) for all possible values of
n
B
dn (k − 1) and
with the
P d (k) in the 2 -ary alphabet,
n
n
n
µ
(d
(k
−
1))
= 1
normalization
n
d (k−1) d (k−1)→g (k)
P
and dn (k) µdn (k)→gn (k) (dn (k)) = 1. If, as per hypothesis,
the continuous-valued message µXen (k)→gn (k) (Xen (k)) is
Gaussian, it has the form
µXen (k)→gn (k) (Xen (k)) ∝ NC (Xen (k) : X̂en (k \ k), Pen (k \ k)),
(23)
where the smoothed S-R2 -D mean and variance will be given
later in (30). Then, the message (8) incoming to the considered
subgraph can be approximated as
µgn (k)→Xdn (k) (Xdn (k))
∝NC Y n (k) : dˆn (k)Xdn (k)
where
dˆn (k − 1) =

X


+ b̂ne (k), Sen (k) ,

(24)

µdn (k−1)→gn (k) (dn (k − 1))dn (k − 1)

dn (k−1)

ˆn

d (k) =

X

µdn (k)→gn (k) (dn (k))dn (k),

dn (k)

are the soft symbol estimates at the previous and current time
slot. The bias term
b̂ne (k)

= dˆn (k − 1)X̂en (k \ k)

accounts for the ISI caused by successive relaying. The
variance
S ne (k) = Re
X
µdn (k−1)→gn (k) (dn (k − 1))
+
dn (k−1)


× |dn (k − 1)|2 Pen (k \ k)
+ |dn (k − 1) − dˆn (k − 1)|2 |X̂ n (k \ k)|2
e

+

X

µdn (k)→gn (k) (d (k))|d (k) − dˆn (k)|2 ESD ,
n

n

dn (k)

accounts for the channel noise, the residual uncertainty on
the modulated data and the uncertainty on the S-D and S-R2 D CFR estimates. The demonstration, based on the momentmatching method is postponed to Appendix A.
Now, we turn our attention to the forward and backward
messages for S-D channel estimation on the subgraph. Assuming they are also Gaussian they can be written as
µfdn (k)→Xdn (k) (Xdn (k))
∝ NC (Xdn (k) : X̂dn (k|k − 1), Pdn (k|k − 1))
µfdn (k+1)→Xdn (k) (Xdn (k))
∝ NC (Xdn (k) : X̂dn (k|k + 1 : K − 1), Pdn (k|k + 1 : K − 1)).
(25)
Injecting the Gausian approximation (24) in the forward and
backward message update equations (9)-(10), the mean and
variance of the Gaussian messages in (25) are recursively
updated using standard Kalman prediction and measurement
update [32]. Consequently, the message (11) outgoing from
the subgraph becomes
µXdn (k)→gn (k) (Xdn (k)) ∝ NC (Xdn (k) : X̂dn (k \ k), Pdn (k \ k)),
(26)
where the smoothed S-D mean and variance are expressed as
Pdn (k|k − 1)Pdn (k|k + 1 : K − 1)
Pdn (k|k − 1) + Pdn (k|k + 1 : K − 1)
"
#
X̂dn (k|k − 1)
X̂dn (k|k + 1 : K − 1)
n
n
X̂d (k \ k) = Pd (k \ k)
.
+ n
Pdn (k|k − 1)
Pd (k|k + 1 : K − 1)

Pdn (k \ k) =

Remark 4.1: We remind that all expressions are valid for
k even as in Fig. 3. If k is odd, the messages keep the same
expression, but replacing the subscripts e by o.
C. Per-subcarrier S-R2 -D CFR estimation subgraph
For this subgraph, we present the messages obtained under the postulated Gaussian assumption. Demonstrations are
omitted, since they follow exactly the same methodology as
in Sec. IV-B.
Let us begin with the messages incoming to the subgraph. Plugging the result (26) into (12), the message
µgn (k)→Xen (k) (Xen (k)) is a Gaussian mixture, that we collapse
to the single Gaussian
µgn (k)→Xen (k) (Xen (k))

∝NC Y n (k) : dˆn (k − 1)X n (k) + b̂n (k), S n (k) ,
e

d

where the bias term

b̂nd (k) = dˆn (k)X̂dn (k \ k)

d

(27)
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accounts for the source symbol contribution sent during the
current time slot and the variance
S nd (k) = Re
X
µdn (k)→gn (k) (dn (k))
+

× |dn (k)|2 Pdn (k \ k)
+ |dn (k) − dˆn (k)|2 |X̂dn (k \ k)|2
X
µdn (k−1)→gn (k) (dn (k − 1))
+

dn (k−1)

× µmn (k−1)→dn (k−1) (dn (k − 1))
Z Z
×
NC (Y n (k) : dn (k)Xdn (k) + dn (k − 1)Xen (k), Re )

dn (k−1)

× NC (Xdn (k) : X̂dn (k \ k), Pdn (k \ k))

× |dn (k − 1) − dˆn (k − 1)|2 ESR2 βR2 2
accounts for the channel noise, the residual uncertainty on the
modulated data and the uncertainty on the S-D and S-R2 -D
CFR estimates.
The message in the forward direction on the subgraph has
the form
∝ NC (Xen (k) : X̂en (k|k − 1), Pen (k|k − 1)).

(28)

µfen (k+1)→Xen (k) (Xen (k))
∝ NC (Xen (k) : X̂en (k|k + 1 : K), Pen (k|k + 1 : K)).
(29)
During even time slots plugging (27) into (15), the update rule
reduces to Kalman correction followed by Kalman prediction,
while during odd time slots (16) boils down to a Kalman
predictor [32]. Consequently, the message (17) outgoing from
the subgraph becomes
∝ NC (Xen (k) : X̂en (k \ k), Pen (k \ k)),

× NC (Xen (k) : X̂en (k \ k), Pen (k \ k))dXdn (k)dXen (k),
(31)
which admits an analytical expression in the form of a Gaussian mixture (see [33, p. 38])
µgn (k)→dn (k) (dn (k))
X
µgn (k−1)→dn (k−1) (dn (k − 1))
∝
dn (k−1)

During even time slots, plugging (27) into (13), the forward
update rule reduces to Kalman correction followed by Kalman
prediction, while during odd time slots (14) boils down to a
Kalman predictor [32]. Similarly, the message in the backward
direction on the subgraph has the form

µXen (k)→gn (k) (Xen (k))

Injecting (26) and (30) into (18), the forward recursion on
the detection subgraph is
µgn (k)→dn (k) (dn (k))
X
µgn (k−1)→dn (k−1) (dn (k − 1))
∝

dn (k)

µfen (k)→Xen (k) (Xen (k))

E. Per-subcarrier detection subgraph

× µmn (k−1)→dn (k−1) (dn (k − 1))

× NC Y n (k) : dn (k)X̂dn (k \ k) + dn (k − 1)X̂en (k \ k),


|dn (k)|2 Pdn (k \ k) + |dn (k − 1)|2 Pen (k \ k) + Re .
(32)

In the same way, it is easily shown that the backward recursion
(19) on the detection subgraph follows
µgn (k+1)→dn (k) (dn (k))
X
µgn (k+2)→dn (k+1) (dn (k + 1))
∝
dn (k+1)

× µmn (k+1)→dn (k+1) (dn (k + 1))

× NC Y n (k + 1) : dn (k + 1)X̂dn (k + 1 \ k + 1)

(33)

+ dn (k)X̂on (k + 1 \ k + 1),

(30)

where the smoothed S-R2 -D mean and variance are expressed
as
Pen (k|k − 1)Pen (k|k + 1 : K)
Pen (k|k − 1) + Pen (k|k + 1 : K)
#
"
X̂en (k|k + 1 : K)
X̂en (k|k − 1)
n
n
.
X̂e (k \ k) = Pe (k \ k)
+ n
Pen (k|k − 1)
Pe (k|k + 1 : K)

Pen (k \ k) =

D. Per-subcarrier S-R1 -D CFR estimation subgraph
All messages have similar expressions to those found in
Sec. IV-C, since message-passing is performed on a subgraph
having the same structure. Therefore, it suffices to summarize
the three steps of Gaussian message derivation. First, the messages at the input of the subgraph are collapsed to Gaussian
conditional likelihoods. Secondly, depending on the slot index,
the Gaussian message update rule on the subgraph in both
directions has either the form of a Kalman prediction and
correction, or of a Kalman prediction alone. Thirdly, outgoing
messages from the subgraph are Gaussian as well, with mean
and variance obtained by smoothing equations.

|dn (k + 1)|2 Pdn (k + 1 \ k + 1)

+ |dn (k)|2 Pon (k + 1 \ k + 1) + Ro .

Finally, for each symbol in the 2B -ary alphabet, the outgoing
messages towards the demodulation subgraph is obtained as
the product of the forward and backward messages as in (21).
Note that the expression of the symbol-level probabilities
(20) is unaffected by the Gaussian approximation.
Remark 4.2: We remind that all expressions are valid for
k even as in Fig. 3. If k is odd, the messages keep the same
expression, but swapping the subscripts e and o.
F. Demodulation and decoding subgraph
The method described in Sec. III-E implements exact
message-passing on the demodulation and decoding subgraphs, so that no modification is needed here.
G. Message-passing schedule
The presence of cycles in the factor graph of Fig. 3 gives
rise to an iterative message-passing receiver. In each iteration,
the following steps are carried out
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1) per-subcarrier S-D CFR estimation is performed in parallel for all subcarriers, based on observations from all
OFDM blocks in a frame (see Sec. IV-B). Then, persubcarrier S-R2 -D CFR estimation (see Sec. IV-C) takes
place, in parallel with per-subcarrier S-R1 -D CFR estimation (see Sec. IV-D). The computational complexity
per transmitted complex symbol is O(2B ) for this step.
2) soft symbol detection is performed in parallel for all subcarriers, according to the forward-backward procedure
described in Sec. IV-E. The computational complexity
per transmitted complex symbol is O((2B )2 ) for this
step.
3) demodulation and decoding of a frame is performed
accross all subcarriers (see Sec. IV-F). Under the assumption that the bits associated with a given symbol
are independent, which is justified by the presence of
bit-interleaving at the transmitter, the extrinsic symbol
probabilities of the form µmn (k)→dn (k) (dn (k)), for k =
0, . . . , K − 1 and n = 0, . . . , N − 1, can be computed as
products of extrinsic probabilities of the corresponding
coded bits. The computational complexity for this step
depends on the FEC scheme.
H. Message-passing initialization
At the first iteration, a suitable initialization is needed for
the symbol-level probabilities (20). In the absence of prior
knowledge, all those messages are initialized to the uniform
probability mass function. Similarly at the first iteration, the
messages µXen (k)→gn (k) (Xen (k)) for even time slot indices k
(resp. µXon (k)→gn (k) (Xon (k)) for odd time slot indices k) need
to be initialized as Gaussians whose mean and variance are
chosen as their prior values given by (5).
Furthermore, irrespective of the iteration index, the forward
and backward CFR estimation messages for each subcarrier
need proper pilot-based initialization for the first and last
time slot, in order to bootstrap the proposed receiver. Here
we assume that frequency interleaving is not used for pilot
OFDM blocks. For each frame, during the three pilot OFDM
blocks at the beginning of the current frame (see Fig. 1),
the S-D, S-R2 -D, S-R1 -D CFR’s frequency correlation can
be modeled with a Gauss-Markov process, so that data-aided
Kalman smoothing [34] can be used to initialize the mean and
variance of the forward CFR estimation messages for each
subcarrier for the first time slot. In the same way, the three
OFDM pilot blocks at the beginning of the next frame are
used to initialize the backward CFR estimation messages for
each subcarrier for the last time slot.
I. Comparison with existing message-passing methods
We seek a benchmark algorithm with more or less the
same computational complexity than the proposed method,
taken from the class of multiuser detectors and adapted
to the observation model of Sec. II-D and the CFR statespace model of Sec. IV-A. The resulting iterative method,
depicted in Fig. 5, performs both per-subcarrier and across
all subcarriers processing. On the n-th subcarrier, coupled
estimation of S-D, S-R1 -D and S-R2 -D CFRs uses a soft-input

^
ci

Binary
Decision
Binary LLR
combiner

ΛES-D(ci)

πb
Across all
subcarriers
processing

Persubcarrier
processing

S-D
Soft Decoder

ΛES-Ri-D(ci)

ΛS-D(ci) ΛS-Ri-D(ci)

πb-1

S-Ri-D
Soft Decoder

πb

πb

πb-1

LES-D(ci)

LES-Ri-D(ci)
Soft MUD

Yn(k)

^
^
^
Xdn(k) Xen(k) Xon(k)
E{dn(k)}
Soft-Input
Kalman Channel
Estimator
V{dn(k)}

Soft
Decision

Fig. 5. Iterative multiuser detection receiver with soft-input Kalman channel
estimation.

Kalman smoother [35], fed with the expectation and variance
of symbols {dn (k)}K−1
k=0 . Based on these channel estimates,
the maximum a posteriori (MAP) multiuser detector (MUD)
developed in [36] delivers extrinsic log-likelihood ratios (LLR)
on the coded bits for the direct path (denoted by LS−D
E ) and
S−Ri −D
the relay path (denoted by LE
), which interfere at the
destination. Soft decoding, performed across all subcarriers,
delivers both a posteriori and extrinsic LLRs on the coded bits,
by taking the code constraints into account [36]. A posteriori
and extrinsic LLRs on the direct path are denoted by ΛS−D
and ΛS−D
E , respectively. Similarly, a posteriori and extrinsic
S−Ri −D
LLRs on the relay path are denoted by ΛS−Ri −D and ΛE
,
respectively. Extrinsic LLRs at the decoder output are fed back
as a priori information to the MAP MUD. A posteriori LLRs
at the decoder outputs are fed to a LLR combiner (adder)
before hard decison, in order to extract the spatial diversity (the
rationale behind this operation is that coded bits decoded on
the direct and relay paths stem from the same source message).
Moreover, the combined LLRs are fed back to a soft decision
device computing the expectation and variance of the complex
symbols for the purpose of channel re-estimation. Note that,
the benchmark method uses the CFR estimates as if they were
the true values. Thus unlike the proposed method, potentially
important CFR reliability information is discarded.
V. S IMULATION

RESULTS

We now present simulation results to evaluate the performances of the proposed amplify-and-forward successive relaying (AF-SR) scheme with imperfect and time-varying CSI.
Our AF-SR low-complexity receiver of Sec. IV is compared
to
1) the AF-SR perfect CSI receiver: the proposed method
with perfect knowledge of all CFRs, which boils down
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S implements bit-interleaved coded modulation using a rate1/2 FEC code which is
• either the de facto standard memory-6 convolutional code
(CC) with generators (171, 131) in octal [37].
• or a (3, 6) regular low-density parity-check (LDPC)
code [22].
The mapper’s modulation type is either binary phase shift
keying (BPSK), Gray-coded quadrature phase shift keying
(QPSK) or 8-ary phase shift keying (8-PSK). Referring to
Fig. 1, the modulated symbols at S are arranged in frames
containing K = 14 data OFDM modulated blocks, preceded
by three pilot blocks, with N = 256 subcarriers and a CP of
length G = N/8. A pseudo-random bit-interleaver πb (.) (resp.
frequency interleaver πf (.)) acts on each frame (resp. on the
subcarriers of each OFDM symbol).
L−1
The CIR between any two nodes A and B {hlA,B (k)}l=0
is assumed to have a finite length L = N/16, so that the CP
is long enough to prevent IBI, and a normalized power delay
profile (PDP) given by
1 − e−3 −3l
e , l = 0, . . . , L − 1.
1 − e−3L
All CIRs are independent with block fading time-variations
following the Jakes’ Doppler power spectrum, simulated with
the method described in [38]. Assume that R1 and R2 are
fixed and that S and D are moving. Let Bd denote the
maximum Doppler shift (in Hertz) at S, D and let T denote the
duration of an OFDM block (in seconds), then the temporal
autocorrelation of the channel taps is given by
E[|hlA,B (k)|2 ] =

E[hlA,B (k)hlA,B (k − m)∗ ] = J0 (2πmBd T ), l = 0, . . . , L − 1
where J0 is the zero-order Bessel function of first kind. We
retain two block fading scenarios:
• either slow fading, with a normalized fading rate Bd Ts =
5 × 10−6
• or fast fading, with a normalized fading rate Bd Ts =
5 × 10−5 ,
where Ts = T /(N + G) denotes the sampling period. We also
consider a realistic scenario, where R1 and R2 are located
between S and D, so that the average S − D channel quality
is worse than the S − R1 and S − R2 channel quality. In our
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AF−SR Pilot−Only detector
0

A. Simulation parameters

4 dB

0.8

IE

to a turbo-equalizer on the equivalent memory-1 ISI
channel
2) the AF-SR classical pilot-only receiver: the proposed
method with CFR estimation message-passing enabled
only at the first iteration, which boils down to a turboequalizer with CFR temporal interpolation between two
consecutive pilot blocks based on Kalman smoothing.
3) the AF-SR iterative MUD benchmark receiver of
Sec. IV-I.
For the sake of completeness, we also present results for the
direct-only low-complexity receiver, which is the proposed
method of Sec. IV in the non-cooperative case (i.e. only the
direct S-D link exists, while R1 and R2 always remain silent)
with imperfect and time-varying CSI.
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Fig. 6. EXIT chart for the AF-SR perfect CSI detector and AF-SR classical
pilot-aided detector, parameterized by different values of ESD /N0 in slow
fading conditions, i.e. Bd Ts = 5 × 10−6 .

simulations, ESR1 /ESD = ESR2 /ESD = 4 dB. Furthermore,
in order to relax the power supply constraints at R1 and R2 ,
we assume equal power reception at D, so that ER1 D /ESD =
ER2 D /ESD = 0 dB. It follows that the signal-to-noise ratio
(SNR) of the direct path ESD /N0 is a sufficient parameter
for performance evaluation. We list here the sources of power
efficiency loss:
• a power efficiency loss with a factor of N/(N + G) due
to CP insertion
• a power efficiency loss with a factor of (K + 1)/(K + 4)
due to pilot insertion.
The receiver at D assumes CFR temporal dynamics given
by (22). From an implementation point of view, it makes more
engineering sense to keep the driving noise variances qd , qe
and qo at constant values, instead of having to estimate them
as hyperparameters depending on the channel time-selectivity.
Therefore, we set qd = qe = qo = 0.4, as our simulations
showed that these values can accomodate both slow and fast
fading scenarios.
B. Influence of the fading rate
1) EXIT analysis: The proposed AF-SR low-complexity
receiver is not directly amenable to an EXIT analysis [39],
since CFR estimation at a given iteration is not independent of
CFR accurracy at the previous iteration (see (24) for instance).
However, we present EXIT charts for
1) the AF-SR perfect CSI detector
2) and the AF-SR classical pilot-aided detector
in order to evaluate the potential for performance improvement
using the proposed AF-SR low-complexity receiver, under
different fading conditions.
Here, we use BPSK modulation and memory-6 convoluDET
tional encoding with slow or fast fading. Let IA
denote the
mutual information (MI) between the encoded bits and the a
priori log-likelihood ratios (LLRs) at the AF-SR perfect CSI
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Fig. 7. EXIT chart for the AF-SR perfect CSI detector and AF-SR classical
pilot-aided detector, parameterized by different values of ESD /N0 in fast
fading conditions, i.e. Bd Ts = 5 × 10−5 .
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Fig. 8. BER using the memory-6 CC and BPSK under slow fading after
2 iterations: comparison of the AF-SR pilot-only (dash dotted), benchmark
iterative MUD (star), proposed (dashed) and perfect CSI (solid) methods with
non-cooperative direct S − D link-only reception (triangles).

or AF-SR classical pilot-aided detector input [39]. Similarly,
DET
let IE
denote the MI between the encoded bits and the
extrinsic LLRs at the AF-SR perfect CSI or AF-SR classical
pilot-aided detector output [39]. Assuming sufficient bit interleaving, the corresponding transfer characteristic, denoted
by
DET
DET
IE
= T DET (IA
, ESD /N0 )
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can be obtained by Monte Carlo simulations, assuming that all
a priori LLRs are i.i.d. distributed according to a symmetric
DEC
DEC
Gaussian [39]. Furthermore, let IA
(resp. IE
) denote
the MI between the encoded bits and the a priori LLRs at
the BCJR decoder input (resp. the MI between the encoded
bits and the extrinsic LLRs at the BCJR decoder output), the
transfer characteristic,
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is obtained in the same way.
Fig. 6 (resp. Fig. 7) illustrates the EXIT chart in the slow
(resp. fast) fading scenario. The receiver performance after
convergence is determined by the intersection of the EXIT
curves corresponding to the detector and the FEC decoder [39].
At high SNR (here ESD /N0 = 4 dB) and using the perfect
CSI receiver, those intersections almost coincide for slow and
fast fading. However, regarding the pilot-only receiver, the
performance gap with respect to (wrt) perfect CSI is much
larger for fast fading than for slow fading. This indicates that,
when replacing the pilot-only receiver by the proposed lowcomplexity receiver, there is more room for performance improvement in the fast fading than in the slow fading scenario.
2) BER performance: Fig. 8 (resp. Fig. 9) compares the
bit-error rate (BER) for the AF-SR proposed low-complexity
receiver with the BER of the perfect CSI, pilot-only and
benchmark receivers, in the slow (resp. fast) fading scenario.
The non-cooperative BER curve (i.e. when only the direct
S − D path exists) using the proposed low-complexity receiver
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Fig. 9. BER using the memory-6 CC and BPSK under fast fading after
2 iterations: comparison of the AF-SR pilot-only (dash dotted), benchmark
iterative MUD (star), proposed (dashed) and perfect CSI (solid) methods with
non-cooperative direct S − D link-only reception (triangles).

is also shown for reference. All receivers use two iterations,
since no BER improvement was obtained by further increasing
the number of iterations. Not surprisingly, the BER of the
proposed receiver coincides with (resp. outperforms) the BER
of the pilot-only receiver at iteration 1 (resp. at iteration 2).
In particular, increasing the iteration index from 1 to 2 in
the fast fading scenario, a BER improvement of one order of
magnitude at ESD /N0 = 6 dB is obtained. We observe that
the spatial diversity order of the non-cooperative scheme is
1, while the AF-SR scheme benefits from a diversity order
of 2, thanks to the transmit diversity induced by successive
relaying [4]-[5]. As expected from the EXIT analysis in
Sec. V-B1, the BERs of the AF-SR perfect CSI receiver
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Fig. 10. BER using BPSK under slow fading, for the AF-SR proposed,
pilot-only and perfect CSI methods with a memory-6 CC (after 2 iterations)
or a (3584, 3, 6) regular LDPC code (after 4 iterations).

under the slow and fast fading scenario are comparable at
ESD /N0 = 4 dB. Also, the proposed AF-SR low-complexity
receiver is 0.3 dB (resp. 1.3 dB) more power efficient than
the pilot-only receiver at a BER of 10−4 , under the slow
(resp. fast) fading scenario. We interpret these results by the
fact that the pilot-only receiver’s Kalman-based CFR temporal
interpolation between two successive pilot blocks performs
well under slow fading. However under fast fading, the AFSR pilot-only receiver induces large CFR estimation errors,
that substantially erode the achievable diversity gain. By
exploiting a priori information on the data symbols between
the pilot blocks, the proposed low-complexity receiver can
better reconstruct the CFRs and gain back the diversity loss.
The performance gap between the AF-SR proposed lowcomplexity receiver and the perfect CSI receiver can be
interpreted as the combined effect of residual CFR estimation
uncertainty due to detrimental noise amplification at the relays
and the Gaussian approximation needed to get a tractable
message-passing algorithm.
Also note that the benchmark iterative MUD with softinput Kalman CFR estimation has the worst performances
among all iterative AF-SR receivers, both under slow and fast
fading. Indeed, the first disadvantage of the benchmark method
is that it lacks the possibility of exploiting CFR reliability
information. More importantly, iterative MUD works best
under the assumptions of independence and sufficient bitinterlaving between the detected data streams. Those conditions are obviously not met since the data streams to be
detected correspond to the S-D and S-Ri -D paths, which not
only stem from the same source message, but are also only
one time slot apart.
C. Influence of the FEC code
Here, we study the sensitivity of the proposed receiver to
FEC on our OFDM AF-SR channel, which is equivalent to a
memory-1 ISI block fading channel.
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Fig. 11. BER using a (3584, 6) regular LDPC code for BPSK/ (7168, 6)
regular LDPC code for QPSK/ (10752, 6) regular LDPC code for 8-PSK
under slow fading, for the AF-SR proposed, pilot-only and perfect CSI
methods after 4 iterations.

If the memory-6 CC is used, at each receiver iteration, one
round of BCJR decoding [14] is performed, which implements
exact message-passing on the decoding subgraph in Fig. 3.
When the (3, 6) regular LDPC code is employed, beliefpropagation decoding [22] is used. This decoder also implements message-passing, but since the decoding subgraph is
loopy, several iterations are needed in order to obtain soft
decisions on the coded bits, that are sufficiently reliable.
Our experiments showed that performing 5 rounds of beliefpropagation decoding at each receiver iteration leads to satisfactory results.
Fig. 10 compares the simulation results for the rate-1/2
memory-6 CC and the (3584, 3, 6) regular LDPC code. The
AF-SR scheme with BPSK signalling in the slow fading
scenario is considered. Furthermore, it was found that all
iterative receivers needs two rounds using CC (resp. four
rounds using LDPC) in order to reach convergence. At low
SNR, the performances of all receivers are worse for the LDPC
than for the CC FEC scheme. Conversely, for sufficiently high
SNRs, the performances of all receivers will eventually be
better for the LDPC than for the CC FEC scheme. Indeed for
a fixed coding rate, it is well-known that LDPC codes typically
achieve lower error rates than convolutional codes at medium
to high SNR values [41]. Comparable results (although not
shown here) were obtained in the fast fading scenario.
D. Influence of the modulation format
We now consider the AF-SR system, with rate-1/2 (3, 6)
regular LDPC encoding for three types of modulation, that
is BPSK, Gray-coded QPSK and Gray-coded 8-PSK. Fig. 11
illustrates the BER of all considered receivers after 4 iterations,
in the slow fading scenario. Note the difference in terms of
symbol energy to noise power spectral density between BPSK
and Gray-coded QPSK is 3 dB, as expected [25]. Also, the
SNR gain of the proposed low-complexity receiver wrt the
classical pilot-based approach is 0.5 dB (resp. 0.3 dB) at a
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From (23), the conditional likelihood (8) can be expressed
as
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µgn (k)→Xdn (k) (Xdn (k))
X X
µdn (k−1)→gn (k) (dn (k − 1))
∝
dn (k−1) dn (k)

−3

10

× µdn (k)→gn (k) (dn (k))
Z
× NC (Y n (k) : Xdn (k)dn (k) + Xen (k)dn (k − 1), Re )
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Fig. 12. BER using a (3584, 6) regular LDPC code for BPSK/ (7168, 6)
regular LDPC code for QPSK/ (10752, 6) regular LDPC code for 8-PSK
under fast fading, for the AF-SR proposed, pilot-only and perfect CSI methods
after 4 iterations.

Since each integral in the above summation has the form of
a Kalman correction step, we obtain the following Gaussian
mixture
µgn (k)→Xdn (k) (Xdn (k))
X X
µdn (k−1)→gn (k) (dn (k − 1))
∝
dn (k−1) dn (k)

× µdn (k)→gn (k) (dn (k))

× NC Y n (k) : Xdn (k)dn (k) + X̂en (k \ k)dn (k − 1),

|dn (k − 1)|2 Pen (k \ k) + Re ,

BER of 10−4 for BPSK and QPSK (resp. 8-PSK). Similar
results in Fig. 12 for the fast fading scenario, show that the
SNR gain of the proposed low-complexity receiver wrt the
classical pilot-based approach is even more pronounced.

that we wish to collapse to a single Gaussian with mean
m(Xdn (k)) and variance S(Xdn (k)). Using moment-matching
[33, p. 107] the mean is obtained as
VI. C ONCLUSION

m(Xdn (k))
X X
µdn (k−1)→gn (k) (dn (k − 1))µdn (k)→gn (k) (dn (k))
=
dn (k−1) dn (k)

In this paper, we introduced a message-passing algorithm
suitable for joint channel estimation, symbol detection and
decoding for OFDM-based amplify-and-forward successive
relaying (AF-SR) protocols. Numerical simulations showed
that the resulting algorithm outperforms classical pilot-based
and multiuser detectors, especially for rapid temporal channel
variations. This behavior is mainly due to the code-aided
nature of the proposed method, which enables iterative channel
reconstruction, using soft information from the decoder.
In future work, we will focus on several extensions of
the present work. In the absence of frequency interleaving,
a straightforward generalization would use explicit modeling
of the channel frequency correlation, by processing a chunk
of contiguous subcarriers, but at the cost of a significant
complexity increase. Moreover, instead of Gaussian processes
it would be worthwhile to look for other models, that better
match the true distribution of the channel frequency responses,
while keeping a tractable formulation for message-passing.
Finally, the design of near capacity-achieving codes for AFSR protocols in the spirit of reference [42], is yet another open
problem.



=

X

dn (k−1)



×

X

dn (k)



+

X

×

µdn (k−1)→gn (k) (dn (k − 1))



µdn (k)→gn (k) (dn (k))dn (k)Xdn (k)


dn (k)





× Xdn (k)dn (k) + X̂en (k \ k)dn (k − 1)


µdn (k)→gn (k) (dn (k))

X

dn (k−1)



µdn (k−1)→gn (k) (dn (k − 1))dn (k − 1)X̂en (k \ k) .

Assuming that the proper normalization of
symbol-level
probabilities in Sec. IV-B hold,
P
n
− 1))
=
1
n (k−1) µdn (k−1)→g n (k) (d (k
d
P
n
dn (k) µdn (k)→gn (k) (d (k)) = 1), we have
m(Xdn (k)) = dˆn (k)Xdn (k) + dˆn (k − 1)X̂en (k \ k),

the
(i.e.
and
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which is the desired result in (24). Similarly, according to the
moment-matching method the desired variance is obtained as

=

S(Xdn (k))
X X
dn (k−1)

µdn (k−1)→gn (k) (dn (k − 1))µdn (k)→gn (k) (dn (k))

dn (k)

h
× |dn (k − 1)|2 Pen (k \ k) + Re


+ Xdn (k)dn (k) + X̂en (k \ k)dn (k − 1) − m(Xdn (k))

∗ i
.
× Xdn (k)dn (k) + X̂en (k \ k)dn (k − 1) − m(Xdn (k))
Injecting the value of m(Xdn (k)) into this expression leads to
S(Xdn (k))
= Re
X
µdn (k−1)→gn (k) (dn (k − 1))
+
dn (k−1)


× |dn (k − 1)|2 Pen (k \ k)
+ |dn (k − 1) − dˆn (k − 1)|2 |X̂en (k \ k)|2
X
µdn (k)→gn (k) (dn (k))|dn (k) − dˆn (k)|2 |Xdn (k)|2 .
+
dn (k)

Finally, averaging out Xdn (k) using (4), the expectation of
S(Xdn (k)) is the desired value, Sen (k) in (24).
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