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Abstract
An important problem in multiresolution analysis of signals or images consists in estimating hidden random variables
x ¼ fxs gs2S from observed ones y ¼ fys gs2S . This is done classically in the context of hidden Markov trees (HMT).
HMT have been extended recently to the more general context of pairwise Markov trees (PMT). In this note, we
propose an adaptive ﬁltering algorithm which is an extension to PMT of the Kalman ﬁlter (KF).
r 2005 Elsevier B.V. All rights reserved.
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1. Introduction
An important problem in signal and image
processing consists in recursively estimating a set
of hidden variables x ¼ fxs gs2S from a set of
observed variables y ¼ fys gs2S . To that end,
Bayesian estimation algorithms have been developed, mainly in the framework of hidden Markov
models (HMM).
Now, it is well-known that if ðx; yÞ is a classical
HMM, then the pair ðx; yÞ itself is Markovian.
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Conversely, starting from the sole assumption that
ðx; yÞ is a Markov chain (MC), i.e. that ðx; yÞ is a
so-called pairwise Markov model (PMM), is a
more general point of view which nevertheless
enables the development of similar restoration
algorithms. More precisely, some of the classical
Bayesian restoration algorithms used in hidden
Markov ﬁelds (HMF), hidden Markov chains
(HMC) or hidden Markov trees (HMT), have
been generalized recently to the frameworks of
pairwise Markov ﬁelds (PMF) [1], pairwise Markov chains (PMC) with discrete [2] or continuous
[3,4] hidden process, and of pairwise Markov trees
(PMT) with discrete [5,6] or continuous [6,7]
hidden variables.
Let us turn back with more details to some
estimation algorithms used in HMM. In the
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context of linear Gaussian HMC, a classical
adaptive ﬁltering solution is provided by the
celebrated KF. This method was ﬁrst introduced
in the control engineering community [8]. Since
then, the KF has been extended in various
directions and a rich family of estimation algorithms have been developed (see e.g. [9,10]). The
KF has now become a major tool in signal
processing and automatic control [10] as well as
in the statistical and time series communities (see
e.g. [11–14]).
Efﬁcient restoration algorithms have also been
developed in the context of HMT (see e.g. [15–18],
as well as the tutorial [19]). These smoothing-like
algorithms enable to compute the conditional law
pðxs jfys gs2S Þ of a hidden variable xs at an arbitrary
node s 2 S, given all observations fys gs2S . In
particular, the algorithm which was developed in
[17] in the context of Gaussian HMT is a two-step
procedure: ﬁrstly, a ﬁltering sweep in the backward (ﬁne-to-coarse) direction computes the conditional law of the root node xr given fys gs2S ; and
then a smoothing sweep in the forward (coarse-toﬁne) direction eventually computes pðxs jfys gs2S Þ,
via a computational procedure which iterates
along the path relating the root node r to node s
(see Fig. 1).

In this note, we will see that in the cases where
the laws of interest are the conditional laws of the
last generation leaves, these two sweeps can indeed
be replaced by just one (block) ﬁltering sweep in
the forward (coarse-to-ﬁne) direction. Such a
procedure is feasible because in an MT the
successive subsets of variables belonging to a given
generation S n (see Fig. 1) form an MC, and one
can thus adapt to tree structures the KF which
originally was derived for HMCs. In general, the
algorithm we get is no longer linear (it however
remains polynomial) in the number of nodes.
However, such a ﬁltering solution presents
the advantage of being adaptive, and is thus
well-suited to situations where the observations
become available progressively, generation after
generation.
In this note, we thus extend the KF to PMT.
More precisely, the algorithm we obtain is an
extension to PMT of the algorithm derived in [3] in
the context of PMC, which itself was an extension
of a particular Kalman-like algorithm. The rest of
this note is organized as follows. In Section 2 we
brieﬂy recall some embedded Markovian models
that are used in tree-based structures. An extension to the PMT model of the KF is given in
Section 3.
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2. Hidden vs. pairwise Markov trees
Let S be a ﬁnite set of indices, and let us
consider a tree structure with nodes indexed on S.
Let us partition S in terms of its successive
generations S 1 ; . . . ; S N . So, S1 is made of the root
node r, S 2 gathers the children of node r, and so
on. Each node s (apart from the root node r) has
one father denoted by s . The children of a node s
are denoted by sþ , and the set of all descendants of
a node s is denoted by sþþ (see Fig. 1).
Let now x ¼ fxs gs2S and y ¼ fys gs2S be two sets
of random variables indexed on S. Each xs (resp.
ys ) belongs to Rp (resp. to Rq ). Let pðxs Þ (resp.
pðys Þ) denote the probability density function (pdf)
of xs (resp. of ys ) w.r.t. Lebesgue measure, and let
pðxs jfys gs2S Þ denote the conditional pdf of xs given
fys gs2S . Other pdf’s or conditional pdf’s of interest
are deﬁned similarly.
The classical HMT model is widely used for
modeling pðx; yÞ. In this model, x is a Markov tree
(MT), and conditionally on x, the variables ys are
independent and satisfy pðys jxÞ ¼ pðys jxs Þ. For
reasons to become clear below, in the sequel we
will no longer call such a model an HMT, but
rather a hidden Markov tree with independent
noise (HMT-IN). In an HMT-IN the pdf of the
pair ðx; yÞ can thus be written as
pðx; yÞ ¼ pðxr Þ

N Y
Y

pðxs jxs Þ 

i¼2 s2S i

|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
pðxÞ

Y

Proposition 1. Let z be a PMT satisfying (2).
Assume that the tree is dyadic, (i.e., that each node
s 2 SnS n has exactly two children s1 and s2 ), and
that
For all s 2 SnS1 ;

pðxs jxs ; ys Þ ¼ pðxs jxs Þ.

(3)

Then x is an MT. Conversely, assume that z and x
are MT, and that for all s 2 SnS n , pðzs1 jzs Þ ¼
pðzs2 jzs Þ, i.e. that conditionally on the father, the
laws of the children are equal. Then (3) holds.

pðys jxs Þ .

|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}

3. Linear Gaussian PMT and Kalman ﬁltering

pðyjxÞ

Now, let us introduce the pair zs ¼ ðxs ; ys Þ, and let
z ¼ fzs gs2S . A PMT is a model in which we only
assume that z is an MT:
N Y
Y

so an HMT-IN is a particular PMT in which
pðxs jxs ; ys Þ reduces to pðxs jxs Þ and pðys jxs ; xs ;
ys Þ to pðys jxs Þ. These simpliﬁcations are rather
rough, and we can see that a lot of information is
lost when making use of an HMT-IN rather than
of a PMT.
Let us also mention an intermediate model,
which we call a hidden Markov tree (HMT), in
which both x and ðx; yÞ are MT but the observations ys are not necessarily independent conditionally on x. Of course, any HMT-IN is an HMT,
and any HMT is a PMT. However, PMT are
more general than HMT, because if (2) holds, x is
not necessarily an MT, as we see from the
following result, proved in [7] (an analogous
result for the case where x is discrete can be found
in [5]):

s2S

(1)

pðzÞ ¼ pðzr Þ
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pðzs jzs Þ.

(2)

i¼2 s2S i

One can check easily that (1) implies (2), so any
HMT-IN is a PMT. However, the converse is not
true. More precisely, in a PMT the transition pdf
pðzs jzs Þ reads
pðzs jzs Þ ¼ pðxs ; ys jxs ; ys Þ
¼ pðxs jxs ; ys Þpðys jxs ; xs ; ys Þ;

In this section, we develop a Kalman-like
adaptive ﬁltering algorithm for PMT. To that
end, we gather all variables xs belonging to
a same level Sn into a vector Xn . Let also
def
X1:n ¼ ðX1 ; . . . ; Xn Þ, and let Yn , Y1:n , Zn and Z1:n
be deﬁned similarly. Since z ¼ fzs gs2S is an MT,
the time-varying sequence fZn g1pnpN is an MC.
This observation enables us to adapt to PMT the
Kalman ﬁltering methodology which is valid in the
context of HMC. More precisely, our aim consists
in recursively estimating (as new data become
available) the pdf of the last leaves Xn given all
observed variables up to level n, i.e. we want to
compute pðXnþ1 jY1:nþ1 Þ in terms of pðXn jY1:n Þ and
of Ynþ1 .
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Our hypotheses are as follows. We assume that
the model is linear and Gaussian1:
" # " 1
#"
# " #
xs
xs
us
Fs F2s
¼
,
(4)
þ
1
2
ys
ys 
Hs Hs
vs
|ﬄﬄ{zﬄﬄ} |ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
|ﬄﬄ{zﬄﬄ}
zs

ws

Fs

in which fws gs2SnS1 are random vectors which are
zero-mean, independent and independent of zr . We
also assume that the process w ¼ fws gs2SnS1 is
Gaussian and that pðzr ÞNðzr ; Pr Þ. Then Z is
Gaussian and consequently the pdf pðXn jY1:n Þ
and pðXnþ1 jY1:n Þ are also Gaussian. Let us set
b njn ; Pnjn Þ,
pðXn jY1:n ÞNðX

(5)

b nþ1jn ; Pnþ1jn Þ,
pðXnþ1 jY1:n ÞNðX

(6)

and let
"
Eðws wTs Þ

¼ Qs ¼

#
Q12
s
.
Q22
s

Q11
s
Q21
s

i;jðiÞ

Ql;m
sþ
i

6
6
6
¼6
6
4

l;m
l;m
Ql;m
nþ1 ¼ diagðQsþ ; . . . ; Qsþ Þ.

(11)

1

kðnÞ

kðnÞ

The following algorithm is an extension of the
classical KF [8,9]:
Proposition 2 (KF for PMT). Let us assume that z
is a PMT and that model (4) holds. Suppose that
pðzr ÞNðzr ; Pr Þ and that pðws ÞNð0; Qs Þ for
s 2 SnS 1 . Assume that
Pr and fQs gs2S are positive definite.

(12)

b nþ1jnþ1 ; Pnþ1jnþ1 Þ can be computed from
Then ðX
b
ðXnjn ; Pnjn Þ and Ynþ1 via:
Time-update equations:
2
b nþ1jn ¼ F 1 X
b
X
nþ1 njn þ F nþ1 Yn ,

(13)

T
1
1
Pnþ1jn ¼ Q11
nþ1 þ F nþ1 Pnjn ðF nþ1 Þ .

(14)

Measurement-update equations:
2
b
e nþ1 ¼ Ynþ1  H 1 X
Y
nþ1 njn  H nþ1 Yn ,

(15)

T
1
1
Lnþ1 ¼ Q22
nþ1 þ H nþ1 Pnjn ðH nþ1 Þ ,

(16)

T
1
1
1
Knþ1jnþ1 ¼ ðQ12
nþ1 þ F nþ1 Pnjn ðH nþ1 Þ ÞLnþ1 ,

(17)

b nþ1jn þ Knþ1jnþ1 Y
e nþ1 ,
b nþ1jnþ1 ¼ X
X

(18)

Pnþ1jnþ1 ¼ Pnþ1jn  Knþ1jnþ1 Lnþ1 KTnþ1jnþ1 ,

(19)

i;jðiÞ

Ql;m
sþ

0

i;1

..

.
Ql;m
sþ

0

3
7
7
7
7,
7
5

ð8Þ

Proof 1. Since z ¼ fzs gs2S is a PMT, the timevarying sequence fZn g1pnpN is an MC. So

i;jðiÞ

and let F lnþ1 , H lnþ1 and Ql;m
nþ1 be the following
block-diagonal matrices:
F lnþ1 ¼ diagðFlsþ ; . . . ; Flsþ Þ,
1

1

(10)

1

(7)

We shall also need the following notation (see Fig.
1): for n ﬁxed, let S n ¼ ðs1 ; . . . ; skðnÞ Þ, and let sþ
i ¼
jðiÞ
þ
fsþ
g
(i.e.,
s
is
the
pth
son
of
node
s
).
For
i
i;p p¼1
i;p
l; m 2 f1; 2g, let
2 l 3
2 l 3
Fsþ
Hsþ
6 i;1 7
6 i;1 7
7
7
6
6
6 . 7
6 . 7
Flsþ ¼ 6 .. 7; Hlsþ ¼ 6 .. 7 and
i
i
7
7
6
6
4 l 5
4 l 5
Fsþ
Hsþ
2

H lnþ1 ¼ diagðHlsþ ; . . . ; Hlsþ Þ,

(9)

kðnÞ

Our algorithm could of course also be obtained as a
recursive linear minimum mean square error restoration
procedure; we chose to adopt the Gaussian point of view
because the proofs are obtained in a simpler and more direct
way.

pðXnþ1 ; Ynþ1 jY1:n Þ
Z
¼ pðXnþ1 ; Ynþ1 jXn ; Y1:n ÞpðXn jY1:n Þ dXn
Z
¼ pðXnþ1 ; Ynþ1 jXn ; Yn ÞpðXn jY1:n Þ dXn .

ð20Þ

On the other hand, from (4) and (7) we get
pðzs jzs ÞNðFs zs ; Qs Þ.

(21)
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Since z is a PMT,
pðZnþ1 jZn Þ ¼ pðzsþ1 ; . . . ; zsþkðnÞ jzs1 ; . . . ; zskðnÞ Þ
¼

kðnÞ Y
jðiÞ
Y

pðzsþi;p jzs1 ; . . . ; zskðnÞ Þ

i¼1 p¼1

¼

kðnÞ Y
jðiÞ
Y

pðzsþi;p jzsi Þ.

ð22Þ

i¼1 p¼1

Injecting (22), (21) and (5) into (20), and using
Proposition 4 (see the Appendix), we get
pðXnþ1 ; Ynþ1 jY1:n Þ
02
3 2 1;1
b njn þ F 2 Yn
Qnþ1
F 1nþ1 X
nþ1
B
5; 4
N @4
b njn þ H 2 Yn
Q2;1
H 1nþ1 X
nþ1
nþ1
2
3
1
1
Fe
1
6 nþ1 7
e 1 ÞT C
þ4 1 5Pnjn ½ðFenþ1 ÞT ðH
A,
nþ1
e
H nþ1

Q1;2
nþ1
Q2;2
nþ1

3
5

ð23Þ

whence (13) and (14). Lastly, by conditioning with
respect to Ynþ1 (see Proposition 3) we get (15)–(19)
(note that condition (12) is a simple sufﬁcient condition ensuring that all equations are
valid). &
Remarks.
 It was implicitly assumed in the proof that each
node has at least one child. In case some node(s)
has(ve) no child, one can check easily that Eqs.
(13)–(19) still hold, provided however that when
deﬁning the internal variables, only the reduced
set of nodes which have at least one child are
taken into account. More precisely, let fsai g be
the subset of fsi gkðnÞ
i¼1 made of the indices of the
nodes which have at least one child. Then,
F lnþ1 (and similarly H lnþ1 ) should be replaced
b n ¼ ½Eðxs jY1:n ÞkðnÞ by
by F l;red: ¼ diagðFl þ Þ, X
nþ1

sai

i

i¼1

b red: ¼ ½Eðxs jY1:n Þ (and consequently Pnjn by
X
ai
n
kðnÞ
red:
Pred:
),
and
Y
¼ ½ysa .
n ¼ ½ysi i¼1 by Yn
njn
i
 If each node (beginning with root node r) has
exactly one child, then the PMT reduces to a
particular case of the PMC Model introduced
in [20] (see also [3, Corollary 1, p. 72]), and
the algorithm of Proposition 1 reduces to the
algorithm of Lipster and Shiryaev (see [3,
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Eqs. (13.56) and (13.57)]) which has been
developed for that model.
 The algorithm is valid in the general case where
each node s has an arbitrary number of children,
and is well-suited to asymmetric tree structures
since the number of children may vary from
node to node.
 The algorithm requires the inversion of the
square matrix Lnþ1 deﬁned in (16), the dimension of which is proportional to the number of
variables in generation n þ 1 of the tree. This
can become a severe computational bottleneck
in trees where each node has at least two
children, in which case the number of variables
in Sn grows exponentially with n. However, this
full-size matrix inversion can easily be avoided
by conditioning w.r.t. each variable in Ynþ1 one
after the other, which is another aspect (but now
within the last generation) of the adaptive
character of the algorithm; in terms of matrix
computations, this amounts to sequentially
using the quotient property of Schur complements, see e.g. [21]. More precisely, we can
compute pðXn jY1:n Þ from pðXn jY1:n1 Þ by conditioning w.r.t. each variable ysi in Yn ¼ fysi gkðnÞ
i¼1 ,
one after the other: we ﬁrst compute
pðXn jY1:n1 ; ys1 Þ from pðXn jY1:n1 Þ, then incorporate the measure ys2 by computing
pðXn jY1:n1 ; ys1 ; ys2 Þ from pðXn jY1:n1 ; ys1 Þ, and
so on until we get pðXn jY1:n1 ; fysi gkðnÞ
i¼1 Þ ¼
pðXn jY1:n Þ. If this procedure is used, the inversion of a kðnÞ  ny square matrix is replaced by
the inversion of kðnÞ ny  ny square matrices
(assuming a constant size ny of the random
vectors ysi ), which is of interest, in particular in
the case of large kðnÞ and small ny .

Appendix
The following two properties of Gaussian
random variables are recalled for convenience of
the reader.
R1;2
Proposition 3. Let pðu1 ; u2 ÞNð½mm1 ; ½RR1;1
Þ.
2;1 R2;2
2
Then pðu1 ju2 ÞNðm1j2 ; R1j2 Þ, with m1j2 ¼ m1 þ R1;2
1
R1
2;2 ðu2  m2 Þ, R1j2 ¼ R1;1  R1;2 R2;2 R2;1 .
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Proposition 4. Let pðu1 ÞNðm1 ; R1 Þ and pðu2 ju1 Þ
NðAu1 þ b; R2j1 Þ. Then
pðu1 ; u2 Þ
0"

# 2
R1
N @
;4
Am1 þ b
AR1
m1

R1 AT
R2j1 þ AR1 AT

31
5 A.
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Markov trees, C.R.A.S.-Mathématiques 335 (2002) 79–82.
[6] E. Monfrini, J. Lecomte, F. Desbouvries, W. Pieczynski,
Image and signal restoration using pairwise Markov trees,
in: Proceedings of the 2003 IEEE Workshop on Statistical
Signal Processing, St. Louis, MI, September 2003.
[7] F. Desbouvries, J. Lecomte, Multiscale Bayesian restoration in pairwise Markov trees, IEEE Trans. Automat.
Control 50 (8) (August 2005) 1185–1190.
[8] R.E. Kalman, A new approach to linear ﬁltering and
prediction problems, J. Basic Eng., Trans. ASME, Ser. D
82 (1) (1960) 35–45.

[9] B.D.O. Anderson, J.B. Moore, Optimal Filtering, Prentice-Hall, Englewood Cliffs, NJ, 1980.
[10] T. Kailath, A.H. Sayed, B. Hassibi, Linear Estimation,
Prentice-Hall Information and System Sciences Series,
Prentice-Hall, Upper Saddle River, NJ, 2000.
[11] R.J. Meinhold, N.D. Singpurwalla, Understanding the
Kalman ﬁlter, Amer. Statist. 37 (2) (1983) 123–127.
[12] P.E. Caines, Linear Stochastic Systems, Wiley Series
in Probability and Mathematical Statistics, Wiley,
New York, 1988.
[13] A.C. Harvey, Forecasting, Structural Time Series Models
and the Kalman Filter, Cambridge University Press,
Cambridge, 1989.
[14] M. West, J. Harrison, Bayesian forecasting and dynamic
models, Springer Series in Statistics, second ed., Springer,
New York, 1997.
[15] M. Basseville, A. Benveniste, K.C. Chou, S.A. Golden, R.
Nikoukhah, A.S. Willsky, Modeling and estimation of
multiresolution stochastic processes, IEEE Trans. Inform.
Theory 38 (2) (March 1992) 766–784.
[16] C.A. Bouman, M. Shapiro, A multiscale random ﬁeld
model for Bayesian image segmentation, IEEE Trans.
Image Process. 3 (3) (March 1994) 162–177.
[17] K.C. Chou, A.S. Willsky, A. Benveniste, Multiscale
recursive estimation, data fusion, and regularization, IEEE
Trans. Automat. Control 39 (3) (March 1994) 464–478.
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