1100

IEEE SIGNAL PROCESSING LETTERS, VOL. 27, 2020
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Abstract—When the state space dimension increases, the computational burden can become a major challenge for optimal Kalman
filtering in Gaussian triplet Markov models (TMMs). In this paper,
we introduce a new model order reduction technique applicable
to linear time-homogeneous Gaussian TMMs. Taking advantage
of the lower state dimension of the resulting approximate model,
a low-complexity suboptimal Kalman filter is obtained. The proposed estimator provides complexity reduction without significant
accuracy loss and is shown to outperform two classical methods in
the case of Markovian process noise.
Index Terms—Triplet Markov models, pairwise Markov models,
Kalman filter, model order reduction, colored process noise.

I. INTRODUCTION
ISCRETE-TIME Gaussian linear dynamical systems
(GLDS) are ubiquitous in signal processing, due to their
wide range of applications including tracking, control, econometrics, system identification, speech processing and machine
learning, to name a few. A GLDS is often modeled as a hidden
Markov model (HMM) via a double process (X, Y), where X
is the Markovian hidden process, while Y is the observed one.
Its popularity lies in the existence of the optimal filter in the
minimum mean square error (MMSE) sense, the Kalman filter
(HMM-KF) [1]. HMMs have been extended to pairwise Markov
models (PMMs) [2], in which (X, Y) is Markovian, while X
may not be (see [7] for the formulation used in this letter). Moreover, triplet Markov models (TMMs) are obtained by adding
an auxiliary process R, and by considering that (X, R, Y) is
Markovian [8]. R, may have some physical meaning or not.
For example in the first case, it can account for non-stationarity,
parameter uncertainty [10] and error sources [9]. Interestingly,
optimal filters (in the MMSE sense) have been derived for
linear Gaussian PMMs and TMMs, that we shall refer to as the
PMM Kalman filter (PMM-KF) [2]–[7] and the TMM Kalman
filter (TMM-KF) [8]–[9], respectively. Note that the PMM-KF
has recently found successful applications in tracking [7] and
econometrics [11]–[12]. Also, the TMM-KF has been found
suitable [9] for applications in tracking [13, ch. 5], [14], speech
processing with colored noise [15] and for time series analysis
using conditionally Gaussian models [16, Sec. 3.7.1].
In this letter, we deal with the order reduction problem.
Assuming we have a mathematical description of the full order
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model for a GLDS considered as the “truth” model, we look
for an approximate model with lower dimension for hidden
variables. Reduced order models (ROMs) are of importance for
several reasons: (i) simplify the understanding of the system [17,
ch. 1]; (ii) reduce the sensitivity to uncertain parameters (e.g.
spectral density of system noises) [18, ch. 7]; (iii) reduce the
computational burden of state estimation via suboptimal Kalman
filtering [19].
Regarding HMMs, ROM-based methods have been proposed
in the literature, whose design criteria attempt to strike a balance
between modeling accuracy and simplicity. A crude method
consists in identifying and truncating a “less important” part
of the state vector (possibly after coordinate transformation)
and considering it as an additive noise term [20, pp. 301–302][21]. Also, partitioning the state vector enables estimation using
separate low order filters [22]. In [19], a ROM is obtained by
minimizing the mean weighted square error wrt the original full
order model.
In this letter, we deal with model order reduction for a general
TMM, that has not been adressed previously. Thus for (X, R, Y)
Markovian such that (X, Y) is not Markovian, the problem is
to find a Markovian (X∗ , Y∗ ) such that PMM-KF applied to
(X∗ , Y∗ ) give results as close as possible to the results obtained
with TMM-KF applied to (X, R, Y). Numerical experiments
with application to tracking show the superiority of the proposed
method over two classical approaches. Throughout the letter,
N (m, C) denotes a Gaussian distribution with mean m and
covariance matrix C. A set of observations from time m up to
time n is denoted by ym:n .
II. PROBLEM FORMULATION
A. System Model
We assume that a general time-homogeneous GLDS can be
represented accurately by a full order (truth) model taken in the
class of TMMs. Let xn ∈ RK , rn ∈ RL and yn ∈ RM denote
the state, auxiliary and observation vector at instant n, respectively. Considering the random processes X = {xn }0≤n≤N ,
R = {Rn }0≤n≤N and Y = {yn }0≤n≤N , the class of discretetime TMMs is defined by the Markovianity of (X, R, Y) [8]. It
follows that a time-homogeneous GLDS modeled by a TMM is
described using the discrete-time stochastic system
⎡

⎤ ⎡ (t11)
xn
A
⎣ rn ⎦ = ⎣A(t21)
yn
A(t31)
 

tn

A(t12)
A(t22)
A(t32)

A(t)

⎤⎡
⎤ ⎡ (t1) ⎤
xn−1
B
A(t13)
(t23) ⎦ ⎣
⎦
⎣
A
rn−1 + B(t2) ⎦ wn
(t33)
A
yn−1
B(t3)
 
 
tn−1

B(t)

(1)

1070-9908 © 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Telecom SudParis ( Frmly Telecom et management SudParis INT). Downloaded on July 16,2020 at 05:40:50 UTC from IEEE Xplore. Restrictions apply.

LEHMANN AND PIECZYNSKI: SUBOPTIMAL KALMAN FILTERING IN TRIPLET MARKOV MODELS

(t)

(tt)

where the initial triplet t0 ∼ N (m0 , P0 ) is independent
from the zero-mean white Gaussian noise process wn , ∀n ≥ 1.
The noise covariance is defined by Q(t) = E{wn wnT }, ∀n ≥ 1.
An optimal filter in the MMSE sense, that we refer to as the
TMM-KF [9], exists for the model in (1). Note that ∀n ≥ 1, the
(t)
(tt)
marginal distribution of tn is N (mn , Pn ), where
(t)

(2)

since {wn }1≤n≤N is white and zero-mean.
Turning our attention to the process Z = {zn }0≤n≤N , where
zn = [xTn , ynT ]T , it follows from (1) that Z is in general not
Markovian and thus cannot be modeled by a PMM. The crux
of the proposed model in Section III-A is that p(zn−1 , zn ) is
a marginal distribution of p(tn−1 , tn ), ∀n ≥ 1. Defining the
selection matrix
C=

IK

0M ×K

0K×L
0M ×L

0K×M
,
IM

then zn = Ctn and using [23, p. 52] for n = 1, . . . , N

 

(zz)
(zz)
(z)
Pn−1
Pn−1,n
mn−1
p(zn−1 , zn ) = N
, (3)
(z) ,
(zz)
(zz)
mn
Pn−1,n T
Pn
where
⎧ (z)
(t)
⎪
⎪ mn = E{zn } = Cmn
⎪
⎨ (zz)
(tt)
Pn = E{(zn − mn )(zn − mn )T } = CPn CT
T
⎪ P(zz)
⎪
n−1,n = E{(zn−1 − mn−1 )(zn − mn ) }
⎪
⎩
(tt)
= CPn−1 A(t)T CT .

(4)

B. Truncation-Based Reduced Order Model
The essence of the TMM-KF is to jointly estimate [xTn , rTn ]T ,
though with a possibly prohibitive complexity order O(M 3 +
3(K + L)2 M + 2(K + L)M 2 + 2(K + L)3 ) per time instant.
Since in most applications, only the restoration of X is of interest, a natural idea to obtain a ROM for (1) is to build a PMM [2],
under the approximate assumption that the couple (X, Y) is
Markovian. A simple way to obtain such an approximate model
consists in isolating the less important part of the state in the full
order model (in our case the auxiliary process) as an additional
noise source [20, pp. 301–302]–[21]. Let us extract zn from (1)
as
zn = CA(t) CT zn−1 + CB(t) wn + D(t) tn−1

(5)

where
D(t) =

0K×K
0M ×K

A(t12)
A(t32)

(7)

is the truncation-based ROM approximation of Z.

(t)

mn = A(t) mn−1
(tt)
(tt)
Pn = A(t) Pn−1 A(t)T + B(t) Q(t) B(t)T ,

where {w̃n }1≤n≤N is white zero-mean Gaussian and
⎧
Ã = CA(t) CT
⎪
⎪
⎨
(t)
b̃n = D(t) mn−1
(tt)
T
⎪
= D(t) Pn−1 D(t)T
⎪
⎩ E{w̃n w̃n (t)} =(t)Σ̃n|n−1
+ CB Q B(t)T CT ,
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0K×M
.
0M ×M

Thus the truncation-based ROM considers the last term in (5)
as a non-zero mean noise, whose coloration is ignored. Consequently, the process Z̃ = {z̃n }0≤n≤N , defined as

z̃0 = z0
(6)
z̃n = Ãz̃n−1 + b̃n + w̃n , for n = 1, . . . , N

III. PROPOSED SUBOPTIMAL KALMAN FILTER FOR TMMS
A. Proposed Reduced Order Model
The similarity between the random process of interest Z and
any approximation Z∗ = {z∗n }0≤n≤N thereof can be assessed
using well-known similarity measures from the literature, such
as the Kullback-Leibler divergence between the marginal distributions [24] and the Kullback-Leibler divergence between the
transition kernels [14]. Here, we seek a Markovian ROM Z∗ for
which both the marginal distributions and the transition kernels
are equal to those of Z. Thus any similarity measure comparing
marginals and transition kernels (between Z∗ and Z) being null,
is optimized.
Definition 3.1: The process Z∗ = {z∗n }0≤n≤N with probability distribution q where z∗n = [x∗n T , yn∗ T ]T , is a time-pairwise
Markov approximation of Z over a length-N window if
i) Z∗ is Markovian;
ii)

 

(zz)
(zz)
(z)
Pn−1
Pn−1,n
mn−1
∗
∗
q(zn−1 , zn ) = N
,
(z) ,
(zz)
(zz)
mn
Pn−1,n T
Pn
for n = 1 ,..., N,
where (ii) means that the joint distribution q(., .) of
[z∗n−1 T , z∗n T ]T is identical to (3), for n = 1, . . . , N .
Using classical Gaussian conditioning Z∗ can be chosen as
 ∗
z0 = z 0
(8)
z∗n = A∗n z∗n−1 + b∗n + wn∗ , for n = 1, . . . , N
where {wn∗ }1≤n≤N is zero-mean white Gaussian and
⎧
(zz) T (zz) −1
∗
⎪
⎨ An = Pn−1,n Pn−1
(z)
(z)
b∗n = mn − A∗n mn−1
⎪
(zz)
(zz)
⎩
E{wn∗ wn∗ T } = Σ∗n|n−1 = Pn − A∗n Pn−1,n .

(9)

Injecting (4) into (9), the parameters of the proposed Markov
approximation model can be rewritten as a function of the
parameters of the original model in (1)
⎧
(tt)
∗
(t) (tt)
T
T −1
⎪
⎪ An = CA Pn−1 C (CPn−1 C )
⎪
⎨ ∗
(t)
bn = (CA(t) − A∗n C)mn−1
(10)
(t)
⎪ Σ∗n|n−1 = (CA(t) − A∗n C)P(tt)
− A∗n C)T
⎪
n−1 (CA
⎪
⎩
+ CB(t) Q(t) B(t)T CT .
We note that the parameters of the transition kernels in (7) and
(10) are similar.
(tt)
We assume P0 to have the same value over any length-N
(tt)
window, so that {Pn }1≤n≤N can be computed offline. Note
that the original time-homogeneous full order TMM in (1) is
approximated as a non-homogeneous reduced order PMM in
(8)–(10). Thus model approximation, as summarized in Algorithm 1, is in order over any length-N window.
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Algorithm 1: Model Approximation (Length-N Window).
(t)

(tt)

Require: A(t) , B(t) , Q(t) , m0 , {Pn }0≤n≤N
(zz)
(tt)
P0 = CP0 CT
for n = 1 ,..., N do
(t)
(t)
mn = A(t) mn−1
(z)
(t)
mn = Cmn
(zz)
(tt)
Pn = CPn CT
(zz)
(tt)
Pn−1,n = CPn−1 A(t)T CT

(MSE), based on the error covariance matrix. Let us define the
estimation error as n = xn − x̂n , where xn is extracted form
truth model in (1) and x̂n is the estimate derived in Algorithm 2.
After some algebra, we obtain the recursion

n = [IK | − Kn ] A∗n C̃n−1 + CB(t) wn

(t)
+ (CA(t) − A∗n C)(tn−1 − mn−1 )
where C̃ = [IK |0K×M ]T . It follows that the error covariance
P∗n = E{n Tn } admits the recursive expression

P∗n = [IK | − Kn ] (A∗n C̃)P∗n−1 (A∗n C̃)T + Σ∗n|n−1

(zz)
(zz)
A∗n = Pn−1,n T Pn−1 −1
(z)
(z)
b∗n = mn − A∗n mn−1
(zz)
(zz)
Σ∗n|n−1 = Pn − A∗n Pn−1,n

(t)
(11)
+ (A∗n C̃)Pn−1 T (CA(t) − A∗n C)T +

(t)
(CA(t) − A∗n C)Pn−1 (A∗n C̃)T [IK | − Kn ]T ,

end for
return {A∗n , b∗n , Σ∗n|n−1 }1≤n≤N
Algorithm 2: PMM-KF Algorithm (Length-N Window).
Require: {yn }1≤n≤N , x̂0 , P0 , {A∗n , b∗n , Σ∗n|n−1 }1≤n≤N
for n = 1, . . . , N do
x̂−
x̂
n
= A∗n n−1 + b∗n ,
ŷn−
yn−1
Σ−
Pn−1 0
P−
n
n
A∗n T + Σ∗n|n−1
= A∗n
−T
0
0
Σn
L−
n
− −1
Kn = Σ −
n (Ln )
−
x̂n = x̂n + Kn (yn − ŷn− )
−T
Pn = P−
n − Kn Σ n
end for
return {x̂n }1≤n≤N

(tt)

Again, assuming A(t) to be time-invariant and P0 to have
the same value over any length-N window, all operations in
(t)
(z)
Algorithm 1, except the computation of mn , mn and b∗n , can
be precomputed offline.
B. Proposed Approximate Bayesian Estimator
Since the TMM-KF over the full order model may have
prohibitive complexity, we now introduce a reduced order state
estimation procedure. We propose to apply the PMM-KF (summarized by Algorithm 2) without modification to the new ROM
introduced in Section III-A. This strategy is suboptimal, since the
hidden states and observations follow the truth model (1) instead
of the proposed ROM. Therefore the filtering error taking this
suboptimality into account, will be analyzed in Section III-C.
Note that x̂n and P0 denote the state estimate at instant n and the
initial state error covariance matrix, respectively. The interested
reader is refered to [2], [7], [25] for the demonstration.
Remark 3.2: Note that the same state estimation procedure
is applicable to the truncation-based ROM in Section II-B, since
it is also a PMM. In order to do so, it suffices to replace the
parameters in (9) by those given by (7).
C. Performance Analysis
We analyse the performance of the proposed approximate
state estimation in Section III-B in terms of mean square error

(t)

(t)

where Pn = E[(tn − mn )Tn ] is similarly obtained as



(tt)
(t)
= A(t) Pn−1 (CA(t) − A∗n C)T + Pn−1 (A∗n C̃)T
P(t)
n

+ B(t) Q(t) B(t)T CT [IK | − Kn ]T .
Note that P∗n is the exact error covariance of the PMM-KF
estimate in Algorithm 2, while Pn in Algorithm 2 is the error
covariance obtained by ignoring the suboptimality of the proposed ROM from Section III-A.
IV. BATCH PROCESSING ESTIMATOR
We now discuss the particular case when the spectral radius of
A(t) equals 1 (which is relevant in many important applications
fields such as econometry [16] and tracking [23], among others).
(tt)
In this case, the values in Pn grow unbounded when n becomes
large (see (2)), thus rendering the matrix inversion in (9) illconditioned, which in turn sets a limit to the window length N for
which Algorithm 1 can be applied in practice (see Section V). It
follows that in such contexts, sequential processing is unfeasible
and must be replaced by batch processing, described below.
During the i-th length-N window, the PMM-KF
(Algorithm 2) processes the observations yiN +1:(i+1)N
and produces the state estimates x̂iN +1:(i+1)N . It follows
that initializing the mean TMM state at the beginning
(t)
of the next window can be done by replacing m0 with
(t)
T T
T
T
m(i+1)N = C [x̂(i+1)N , y(i+1)N ] . Also, reminding that the
initial triplet error covariance over any length-N window is
(tt)
P0 , Algorithm 1 can be used to recompute the parameters
{A∗n , b∗n , Σ∗n|n−1 }(i+1)N +1≤n≤(i+2)N of the proposed reduced
order PMM over the next length-N window. Finally, the initial
state estimate over the next length-N window is obtained by
(t)
replacing x̂0 by Sm(i+1)N , where the selection matrix S is
defined by S = [IK |0K×L |0K×M ]. Again, since the initial
(tt)
triplet error covariance, P0 , is the same for any window, the
initial state error covariance matrix at the beginning of each
(tt)
window is set to P0 = SP0 ST .
Batch processing over length-N windows is summarized in
Fig. 1. Moreover, the asymptotic computational complexity to
generate a single estimate at a given time instant n is O(M 3 +
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Fig. 1. Batch processing over length-N windows. For the sake of readability,
only the parameters that change from one window to another are shown.
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Fig. 2. Normalized RMSE as a function of θ, with T = 1 s, Q = 102 in
(m/s2 )2 and R = 0.12 m2 .

3K 2 M + 2KM 2 + 2K 3 ), which can be much less than the
aforementioned complexity of the MMSE-optimal TMM-KF.
V. NUMERICAL RESULTS
The TMM formalism has been found suitable for applications
with colored noise [9], [15]. Let us modify the standard HMM, so
that the white process noise is replaced by a Markovian process
noise rn [20, p. 296]
xn = Fxn−1 + Brn
rn = Θrn−1 + ζ n ,

(12)

yn = Hxn + vn ,
where the initial state x0 ∼ N (x̂0 , P0 ) is independent from
the zero-mean white Gaussian noise process wn = [ζ Tn , vnT ]T ,
∀n ≥ 0. The noise covariance is defined by Q = E{ζ n ζ Tn },
R = E{vn vnT } and E{ζ n vnT } = 0. In this system, rn acts
as an error source that we wish to eliminate from the state
vector, corresponding to correlated process noise excited by the
white driving noise ζ n . (12) is straightfowardly converted to
a Gaussian TMM of the form (1) by selecting the following
parameters [9]
⎤
⎡
⎤
⎡
F
BΘ 0
B 0
⎥
⎢
0
Θ
0⎥ (t) ⎣
A(t) = ⎢
I
0⎦ ,
⎣HF HBΘ 0⎦ , B =
HB I
Q(t) =

Q
0

0
.
R

(13)

Consider a classical two-state tracking problem, where xn =
[pn , vn ]T contains the position and velocity, with position measurements only [23, p. 273-277], so that (12) is parameterized
by
 2
T
1 T
F=
, B = 2 , Q = Q = 102 (m/s2 )2
0 1
T
Θ = θ, R = R = 0.12 m2 , Hn = [1, 0],

(14)

where T = 1 s and 0 < θ < 1 are the sampling period and the
process noise coloration parameter, respectively. We choose as a

performance measure the root MSE√(RMSE) of the dimensionless state vector x̃n = [pn , T vn ]T / R [26].
Fig. 2 plots the RMSE for the dimensionless state vector as
a function of θ, using the optimal TMM-KF, the batch PMMKF applied to the proposed ROM (see Section IV), the PMMKF applied to the truncated ROM (see Section II-B), and the
classical reduced order filter (ROF) in [20, p. 297]. Note that
since the spectral radius of A(t) equals 1, the batch form of
the proposed method over windows of length N = 100 is in
order, while matrix inversion in Algorithm 1 was performed
using INTLAB [27] to avoid numerical instability.
We observe that the proposed approach has performances
close to the MMSE-optimal TMM-KF, while having lower complexity. When applying the PMM-KF (Algorithm 2), the truncated ROM approach has identical complexity wrt the proposed
approach (see Rem. 3.2), but suffers from higher modeling error.
Moreover the standard ROF with complexity order O(M 3 +
2 K 2 M + 2KM 2 + 3 K 3 + 4 K 2 L + KL2 + 2 L3 ), is an approximate HMM-KF having both higher complexity and worse
accuracy compared to the proposed approach. We observe that
the accuracy gain wrt the standard truncated ROM and ROF approaches increases with the noise coloration factor θ. A physical
situation with a high value of θ in tracking, could correspond to
a process noise related to a smooth acceleration.

VI. CONCLUSION
We introduded a reduced order model (ROM) for TMMs in
the form of PMMs using probabilistic similarity criteria. An
approximate Kalman filtering state estimator was developed for
the ROM, enabling performances close to the MMSE optimal
TMM-KF, at lower computational complexity. Efforts must be
made to put this estimator in batch processing form, when the
TMM system matrix is not asymptotically stable. The proposed
method needs to strike a balance between complexity reduction
(for which a large value of L is desirable) and filtering accuracy
(which sets an upper limit to the value of L, combined with a
careful selection of the discarded auxiliary variables). Simulation results confirm the improved performance of the proposed
method compared to two classical ones.
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