Chapter 4

Triplet Markov chains and image segmentation

A number of Markov models have been shown to be remarkably effective for a vari-
ety of modelization problems and treatment of a wide range of phenomena. The use
of these models is very much on the increase in economics, finance, genomics, ecol-
ogy, communications, signal and image processing, etc. In particular, hidden Markov
models (HMM) are well known for their effectiveness for treating the problem of
segmentation, which is among the most prominent and difficult problems in image
processing. In such a model, the hidden data, which model the desired segmented im-
age, are considered as the realization of a Markov process, which may be a field, a tree
or a chain. More generally, HMMs are used to treat other inverse problems in imagery
such as noise removal or contour detection — see Chapter 1. The distribution p(x) of
the hidden process X, referred to as the a priori distribution, can generally be inter-
preted as a regularization tool for the unobservable image which is being determined.
The distribution of Y, conditional on X , is known as the data-driven distribution. Thus
the various extensions to HMM presented in this chapter are even more general tools,
applicable to a diverse range of inverse problems in imagery and vision.

The aim of this chapter, which takes a pragmatic approach accessible to readers
who are not familar with HMMs, is to present a number of generalizations of HMMs
which have emerged since the year 2000. The first generalization involves the intro-
duction of “pairwise” Markov models (PMMs), in which the Markovian nature of the
(hidden process, observed process) pair is considered. PMMs are strictly more gen-
eral than HMMs, and it turns out that this property results in a greater efficiency of
the treatments. A second stage of generalization involves the introduction of an auxil-
iary process, and considering the (hidden process, auxiliary process, observed process)
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triplet. These are known as triplet Markov models (TMM), which show great potential
in terms of their generality. In particular, they make it possible to treat non-stationary
data, or even “long-memory” data, modeled as a semi-Markov process.

We will restrict ourselves to a discussion of the simplest Markov processes, which
are chains. Some of the properties discussed can easily be extended to Markov fields
and trees, and the possibilities of generalizing the other properties are interesting av-
enues of research.

All the treatments are discussed in a non-supervised context, giving them immedi-
ate value to an interested user.

4.1. Introduction

When we are interested in determining numerical quantities © = (z1...,2,)
which are not directly accessible, based on observable numerical quantities y =
(y1,--.,Yn), probability theory offers a rigorous framework which makes it pos-
sible to derive rigorous results that are generally effective — at times spectacularly
so. The (z,y) pair is treated as a realization of two random processes (X, Y), with
X =(X1....X,),Y = (Y1,...,Y,), and the links between x and y are modeled
by the probability distribution p(z, y) for the (X,Y") pair. The power of probabilistic
methods stems from the fact that, despite the absence of deterministic links between
x and y, it is possible to propose methods of finding values for x which are optimal
“on average”, or “in the long term”, when the problem is treated a “large” number of
times. Some of these methods can be implemented in the case where it is possible to
calculate the X; distributions conditional on Y = y, which we will write as p(;|y),
something which will be among the main objectives of the various models studied in
this chapter. Suppose that each X; takes its values from a finite set Q) = {w;,ws}, and
each Y; takes its values from R. The (X, Y) pair then takes is values from Q™ x R™.
Suppose that its distribution p(x, y) is given by p(z, y) = p(x)p(y|z), with p(z) being
a distribution over 2™ and p(y|x) being densities over R™ with respect to Lebesgue
measure. When 7 is not too large, the marginal distributions p(z;, y) giving the de-
sired distributions p(x;|y) can be calculated from p(z,y), which can then be used
in its most general form. However, this calculation requires 2"~ ! operations, and
rapidly becomes impossible as n increases. It is then necessary to restrict ourselves to
distributions p(x, y) which take particular forms that allow the calculation of p(x;|y),
1 < ¢ < n for large n. In the standard model, which we will call a “hidden Markov
chain with independent noise” (HMC-IN), p(z, y) is given by:

p(:Z?, 1/) = p(xl)p(a?2|x1) .- -p($n|$n71)p(y1|il?1) .- p(yn|xn) 4.1)

We will retain this type of notation, which is very concise and useful, noting that
it contains notations which are familiar in the treatment of signals and images. For
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example, suppose that 2 = R, let Xy = (o, and consider the following equations:

Yi=Xi+e
{ Xi=AX; 1+ G 4.2)
with the variables ey, ..., e,, (o, (1, - - ., (, being centered and mutually independent.

This is a standard AR first-order hidden process with additive noise, which belongs to
the set of models described in Equation (4.1).

The term HMC-IN stems from the fact thats, firstly, the hidden chain X is a
Markov chain, and secondly the random variables Y7, ...,Y,, are independent con-
ditional on X = x. Although the HMC-IN model appears to be a fairly sophisti-
cated model, it is one of the simplest models that allows us to take useful account
of the mutual dependence between the various variables making up the two pro-
cesses X = (Xy,...,X,)and Y = (Y1,...,Y,). In fact, the Markovian distri-
bution p(z) = p(x1)p(x2|z1) ... p(xn|zs—1) for X is in a sense the simplest of the
distributions which allow the introduction of the dependence between the variables
X1,...,Xp. The distribution p(y|z) = p(y1]|z1) ... p(yn|zy) is also very simple.
Nevertheless, this type of model, which is very widely used, can give spectacular
results in a number of different fields. Its attraction lies in the possibility of calcu-
lating, with a number of elementary operations proportional to n, several quantities
of interest including p(x;|y). By setting «;(z;) = p(y1,- .-, Yi—1, Yi, i), which we
will refer to as the “forward probability”, and 5;(z;) = p(Yi+1, - - - Yn|x:), which we
will call the “backwards probability”, we can demonstrate the well-known result that:
p(zi,y) = a;(x;)F;(x;). In addition «; and (; can be calculated recursively by:

ai(z1) = p(x1,91), and

aipr(@ip1) = Y a(@)p(@i|e)pyin [wi) for2 <i<n—1,  (43)
x; €Q

Bn(x,) =1,and

Bi(z;) = Z Bit1(Tir1)p(Tit1|2)p(Yigs1|wigr) forl <i<n—1, (44)
Ti41E€EQ

and the recursive nature of these operations allows p(z;,y) to be calculated for very
large n (several million...).

This ability to extend the calculation, as well as the fact that p(x;|y), which de-
pends on all the components y1, ..., y, of y, uses all the available information, is
what has given rise to the success, and often great effectiveness, of the HMC-IN
model. Its applications are countless, and thousands of papers have been published
on this subject. We draw the reader’s attention to a few recent publications in the
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fields of bioscience [KOS 01, NIC 02, NUE 07], climatology [BEL 00], communi-
cations [CAP 05], ecology [LEB 06], econometrics and finance [GRE 00, THO 02],
handwriting recognition [CHE 94], music [RAP 99], and images [GIO 97, MAI O1].
However, this well-established model remains relatively rudimentary, and its simplic-
ity, particularly in terms of the distribution p(y|x) = p(y1|x1) . . . p(yn|zn), can prove
to be inadequate in a number of situations. To solve this problem, it is possible to use
more general models, known as pairwise Markov chains or PMCs [DER 04, PIE 03].
In these, the Markovian nature of the paired process Z = (X,Y) is directly assumed.
This retains the same ability to recover the hidden signal, while permitting more com-
plete modelization of p(y|x). Finally, PMCs can in turn be generalized to triplet
Markov chains (TMCs [PIE 02]), in which a third random chain U = (Uy,...,U,)
is introduced, which may or may not have a physical significance, and the Markovian
nature of the triplet 7' = (X, U, Y) is considered. Finally, we should mention “hidden
Markov chains” (HMCs) which we will define as PMCs Z = (X,Y’) where X is a
Markov chain (the hidden process is Markovian, which leads to the name HMC).

Finally, four families of models are obtained with strictly increasing degrees of
generality: HMC-IN, HMC, PMC and TMC. We note that in addition to PMC and
TMC, HMMs have been generalized in other directions; however, to our knowledge,
all such extensions retain the Markovian nature of X and hence are still HMMs. PMCs
form a family which is strictly larger than HMC because PMCs exist such that X is
not Markovian [PIE 07]. Similarly, TMCs T' = (X, U,Y) exist such that (X,Y) is
not a Markov chain. Through the flexibility available in choosing the third process U,
TMCs offer a wide range of possibilities for the definition — and use — of the p(x,y)
distributions, and the aim of this chapter is to describe recent advances in the use of
these models. In particular, we will see that it is possible to use p(x,y) distributions
which cannot be expressed analytically, which is probably one of the most surprising
aspects of TMC. The various modelizations and treatments presented in this chapter
can be used in many applications; in fact, any of the HMC, PMC and TMC models
can be applied anywhere that standard HMC-IN models — or their standard extensions
— can be applied. The aim of this chapter is to describe these various extensions,
to explain their interest for solving a number of practical problems where standard
models reach their limits, and to present some results of their application to statistical
image segmentation.

The organization of the chapter is as follows. PMCs are introduced in the next
section. Section 4.3 is dedicated to describing recent uses of copulas in the framework
of PMCs [BRU 05a, BRU 05b]. This section, which aims to show the rich possibili-
ties inherent in the modeling of p(y|z) noise, can if desired be skipped on first read-
ing. Section 4.4 covers the estimation of parameters from incomplete data. We will
present the method of “iterative conditional estimation” (ICE), widely used due to its
ease of implementation and good behavior, with PMCs and TMCs. This section is in-
dependent of the subsequent ones, and can also be skipped by a reader who is mostly
interested in PMC and TMC models. Triplet Markov chains are then introduced in
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Section 4.5, and the subsequent sections discuss various applications. In Section 4.6,
we will describe the use of TMCs for the treatment of non-stationary processes, and
then Section 4.7 treats the use of TMCs in the modeling of the semi-Markovian nature
of the hidden process. Section 4.8 presents various possibilities of simultaneous mod-
eling of various aspects discussed in the previous sections, through the use of TMCs
which make use of auxiliary “multivariate” chains. Finally, the ninth and final section
contains conclusions and future directions.

4.2. Pairwise Markov chains
4.2.1. General model

Consider X = (Xi,...,X,) and Y = (Y1,...,Y,,), two random processes,
where each X; draws its values from a finite ensemble Q = {w1,...,w;} and each
Y; takes its values from the set R of real numbers. Let Z = (Z3,...,Z,), with
Z; = (X;,Y;). The process Z will be referred to as the pairwise Markov chain (PMC)
if it is itself Markovian, and as a “hidden Markov chain” (HMC) if it is a PMC such
that X is Markovian. Thus Z is a PMC if and only if its distribution takes the follow-
ing form (in order to keep our notation compact, we will use z; in place of (z;,y;)
wherever possible, and z in place of (z,y)):

p(2) = p(z1)p(22|21) - . . p(Zn]2n-1)- 4.5)

Given that the transitions in 4.5 can be written:

P(zit1]2i) = p(Tiv1|@i, i) (Wi |Tiv1, Ti, Yi), (4.6)

we can see that the standard HMC-IN model given by (4.1) is a PMC (4.5) where the
transitions satisfy p(xi-i-l |$i, yz) = p(xi-i-l |=Tz) and P(yi+1 |$i+1 , iy yz) = p(yi-i-l |$Ci+1).
We can also see that the first of these equalities is a sufficient condition for a PMC
to be a HMC; by integrating (4.5) with respect to ¥y, ..., y1, we arrive at p(x) =
p(z1)p(z2|z1) - - . p(Tn|2Hn—1), Which indicates that the hidden chain X = (X1,...,X,,)
is Markovian. As mentioned in the previous section, we are interested in the possi-
bilities of calculating a posteriori laws p(x;|y). The “forward” probabilities «; and
“backward” probabilities [3; of the previous section are first extended to PMCs by
setting v (x;) = p(y1,-.-,Yi-1,2:) and Bi(x;) = p(Yit1,---,Yn|zi). In a manner
analogous to standard proofs, we can show that they are recursively calculable:

%] (,Tl) = p(zl),et ai+1(xi+1) = Z ai(:vi)p(zi+1|zi) for2<i<n-—1, 4.7)
z; €Q

Bnl(xn) =1, et Bi(x;) = Z Biv1(wip1)p(zig1|zi) forl <i<n—1. (4.8)

Ti+1E€EQ
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As in the standard case of HMC-INs, we then have p(x;,y) = «;(z;)8i(x;), giving
p(xi]y). We can see that the PMC model, whose main advantage is better modeling of
complex phenomena, makes it possible to calculate the distribution p(z;, y) of interest,
in a process whose complexity is equivalent to that used in the HMC-IN case.

We saw earlier that the greater generality of PMCs compared to HMC-INs can be
understood in the general case by comparing the transitions p(z;+1|2;). In the case
of stationary chains, we can show two necessary and sufficient conditions for a PMC
to be a HMC. We will say that a PMC is stationary if p(z;, z;+1) does not depend on
1<i<n-—1,andif p(z;,2iy1) = p(zi+1,2) forall 1 <i < n — 1. We then have
the following result, a proof of which can be found in [PIE 07]:

Proposition 4.2.1
Let Z = (X,Y) be a stationary PMC. Then the following three conditions are equiv-
alent:

(i) X is a Markov chain;
(ii) for all 2 < i < n, p(yi|zi, vi—1) = p(yilws);

(iii) for all 1 < i < n, p(yi|z) = p(yi|z;)

Condition (ii) helps us to understand, in the context of stationary chains, the advan-
tage of PMCs compared to HMCs in local terms: as soon as we assume the Markovian
nature of the hidden process X — which is always the case in the various standard ex-
tensions of HMC-INs — it is impossible to express any differences in p(y;|2;, x;—1) as
x;—1 varies. With the help of condition (iii) we can go even further down this avenue:
in a HMC the distribution p(y;|x) cannot depend on any x; different to x;. Thus the
modeling of noise is more complete in PMCs, where the p(y;|z) distributions depend
on all the components z1,...,z, of x. It has also been observed through various
simulations that this greater richness of the model can result in significant gains in the
quality of non-supervized segmentation of data [DER 04].

Remark 4.2.1 When we examine the various treatments which use standard HMCs,
we realize that the Markovian nature of the distribution of X is never used, and is only
of indirect use, allowing the Markovian nature of the a posteriori distribution of X,
p(x|y), something which is then indispensible. Furthermore, in the context of Propo-
sition 4.2 .1, assuming X to be Markovian is equivalent to imposing restrictions on the
conditional distributions p(y|x). In other words, in considering a PMC which is not
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an HMC, we lose the Markovian nature of X, which is not relevant to the treatment,
but make significant gains in terms of the richness of the noise model. The main advan-
tage of PMCs is thus to escape the assumption that X is Markovian, something which
would otherwise restrict the flexibility of the model. We note that this assumption,
although not indispensable, appears in all the models which use Markovian processes
in restoration or segmentation problems, which are both hidden-variable problems.
In fact, whether in the context of chains, fields, trees or general graphical models,
the Markovian nature of the hidden process appears in the very name of the “hidden
Markov models”, and so gives every appearance of being incontrovertible.

As in the case of HMC-INGs, it can be shown that for a PMC the distribution p(z|y)
is Markovian, with transitions given by:

lassafor,y) = PEtEPen i) 49)

and that the distributions p(x;, 2;11]y), which will be used in Section 4.4, are given
by:
(i, zit1]y) = o (2:)p(ziv1]2i) Bivr (i) (4.10)
Also, note that the distribution for a stationary PMC is defined by p(z1, 22) = p(x1, z2)p(y1, ya2|z1, 22).
The transitions can then be written:

p(:z:l-, Ii+1)p(yi7 Yi+1 |17i; Iz‘+1)
wea P(Ti, Tiv1 = W)p(yilzs, i1 = w)

p(ziy1|zi) = 5 4.11)

Finally, we observe that the distribution p(z) of a PMC Z can always be written:

p(z1,22) ... p(2n—1, 2n)
p(2z2)...p(zn)
p(x1,22) .. p(Tp—1,2y)
p(xe)...p(xn—1)
a(z)
p(y1, y2lr1,22) - p(Yn—1, Yn|Tn—1,2n)
p(y2lz2) . p(Yn—1]n-1) '

b(z,y)

p(z) =

X

(4.12)

Thus a PMC is a HMC if and only if p(z) = a(z) and p(y|z) = b(z, y).
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4.2.2. Stationary Gaussian PMCs

In an analogous way to what occurs in the original HMC-IN family, “Gaussian”
models are among the simplest of the PMCs. Consider a stationary PMC, whose distri-
bution is given by p(z1, 22) = p(x1, z2)p(y1, y2|z1, 22) such that the conditional dis-
tributions p(y1, y2|z1, 22), equal to the conditional distributions p(y;, Yit+1|i, Tit1)
forallt =1,...,n—1,are Gaussian. If Z is not a PMC then we can see, by virtue of
(4.11) and Proposition 4.2.1, that the transitions p(z;+1|z;) do not have Gaussian dis-
tributions (the denominator is a mixture of Gaussians). As a consequence, p(y|z) is
not a Gaussian distribution. Furthermore, the marginal distributions p(y;|z), which
are not Gaussian, depend on all x;,...,z,. In order to prove this last property,
we can make use of the fact that in a PMC the X and Y processes play symmetric
roles. By reversing X and Y, we can introduce o (y;) = p(z1,...,2—1,%;) and
B (yi) = p(xit1,...,2n|2:), and show that these quantities satisfy the following
recursions:

ai(y1) = p(#1), and
i1 (Yiv1) = /Ra;*(yi)p(ziﬂlzi)dyi for2<i<n-—1; (4.13)
Gr(yn) =1, and

Bi (yi) = / Biy1(Wir1)p(ziv1]zi)dyipr for1 <i <n —1. (4.14)
R

However, contrary to the recursions in (4.7) and (4.8), which are calculable since they
are defined as sums over small-sized ensembles, the recursions in (4.13), (4.14) are
defined by integrals, and are not therefore analytically calculable, except for a5 and
*
n—1-

Thus in the case of Gaussian and stationary PMCs, which are not HMCs, the noise
distributions p(y|x) are not Gaussian, and are impossible to calculate. However, these
“difficulties” in fact are a sign of the richness, and do not cause problems with the
determination of the p(z;|y) distributions.

4.3. Copulas in PMCs

The advantage of copulas is their ability to model, in a particularly elegant manner,
the dependencies between random variables. More precisely, the dependence is given
by a “copula” which is independent of the form of the marginal distributions. The
theory of copulas is relatively well-established [NEL 98]; however, their introduction
into a pairwise Markov chain, which we will briefly discuss in this section, is relatively
recent [BRU 05a, BRU 05b].
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4.3.1. Copulas

We will use the term “copula” to refer to any cumulative distribution function C'
for the distribution of a pair of random variables which takes its values from [0, 1]?,
whose marginal distributions are uniform distributions over [0, 1]. Let h(y1,y2) be a
probability density over R?, which we will assume to be continuous, H its cumulative
distribution function, h1(y1), h2(y2) the marginal distribution densities, and Hy, Ho
the associated cumulative distribution functions. According to Sklar’s theorem, there
then exists a unique copula such that (see [NEL 98]):

H(y1,y2) = C (Hi(y1), Ha(y2)) - (4.15)
Differentiating (4.15) with respect to y1, y2 and setting c(u,v) = %, we
udv
have:
h(y1,y2) = ha(y1)h2(y2)c (Hi(y2), H2(y2)) (4.16)

Conversely, considering distribution functions Hy, H5 over R and a copula C, (4.15) de-
fines a distribution function H over R?.

Finally, we will say that using a distribution function H is equivalent to using
the triplet (Hy, Ho, C'), where H; and Hs are the marginal distributions of H, and
C' is the copula associated with H through (4.15). It then follows that it is possi-
ble to construct distributions over R? by considering various marginal distributions —
and various copulas — in an independent manner. In particular, it is possible, start-
ing from (Y7,Y3) with a given H, to construct real, correlated random variables with
any desired marginal distribution. Consider the marginal distributions I, Hy asso-
ciated with H, with H{, H} being the desired new marginal distributions. Setting
Y! = (H{) to Hi(Y1) and Yy = (H})~! o Hy(Y>), the variables (Y7, Yy) are corre-
lated, and have H7, H) for the cumulative distribution functions of their distributions.
Finally, we note that the copula C' associated with H through (4.15) can also be seen
as the distribution function for the copula (H; (Y1), H2(Y2)), whose marginal distri-
butions are thus indeed uniform distributions over [0, 1].

Example 4.3.1 Let h(yy,y2) be the Gaussian density over R? defined with both means
being zero, both variances equal to 1, and with a correlation coefficient p. According
to (4.15), the associated Gaussian copula is given by:

C(u,v) = H (H;y *(u), Hy ' (v)), (4.17)
or by its derivative:

_ h(H (W), Hy ()
hy (Hy Y(u) he (Hy '(v))

(4.18)

c(u,v)
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A Gaussian copula over R? is thus defined by a single real parameter p. As discussed
above, this copula can be used to defined a distribution for a copula (Y1,Y3) of depen-
dent variables, with the required marginal distributions. Let us consider two random
real variables Y1, Yo, with marginal distribution functions F, Fs, with f1, fo being
their corresponding densities. The following density for the distribution of (Y1,Y3)

h(HT ' (Fi(n)  Hy ' (Fa(y2)))
hi (Hy ' (Fi(y1))) he (Hy ' (Fa(y2)))

fy1,y2) = fi(y1) f2(y2) (4.19)

then defines the distribution for a copula of dependent random variables (Y1,Y52)
such that their marginal distributions have densities f1 and fo. It is interesting to
note that when the densities f1 and fo are Gaussian, then f(y1,y2), given by (4.19),
is Gaussian. Of course, we can also consider f1, f2 to be Gaussian, and consider a
copula other than a Gaussian copula [BRU 05a].

4.3.2. Copulas in PMCs

Let Z = (X,Y) be a stationary PMC whose distribution is defined by p(z1, z2) =
p(x1, x2)p(y1, ya2|z1, 22). For all classes @ = {w1,...,wr}, we then have, in the
general case, k(k — 1) densities p;;(y1,y2) = p(y1, y2|z1 = wi, 2 = w;). Each of
these densities defines a copula and two marginal distributions over R?. We note that
in the specific case of PMCs, the number of marginal distributions is k.

We observe that variation in the form of the marginal distribution p(y;|x1 = w;)
with the class w; can occur in real images, as has been shown in various studies,
including those in [DEL 02, GIO 97, MAI 01].

4.4. Parameter estimation

The problem of parameter estimation in triplet Markov chains is identical to that
of parameter estimation in PMCs; as a result we can treat them in this simpler context.
When this problem is treated in the case of traditional HMCs, the method most often
used is that known as “expectation-maximization” or EM [MCL 97]. This method
is based on maximization, through an iterative process, of the likelihood of the ob-
served chain, and can give remarkable results as long as the initialization is not too far
removed from the actual parameters. It also benefits from partial theoretical results
concerning its asymptotic behavior; in particular, it can be shown that it produces a
sequence of increasingly large likelihood values as the iterations progress. However,
other than in simple cases, the explicit calculation of the various values involved in
the iterations is often impossible, and it is often necessary to resort to approximations,
which by nature destroy the good general characteristics of the maximum likelihood
method.
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In this section we will present an alternative method known as “iterative condi-
tional estimation” or ICE [PIE 92, PIE 08]. This is based on a different principle,
which makes use of the concept of conditional expectation, and does not make use
of the marginal likelihood of the observed process. We note however that the max-
imum likelihood estimator, based on complete data, may be involved in ICE, which
thus guarantees an “optimality” comparable to that offered by the EM method. Not
only does this principle of ICE make it simpler, but it also makes it practical in a more
general context than the EM method.

It has been applied in various complex modelizations such as triplet Markov fields
[BEN 05a, BEN 05b, BEN 07a, BEN 07b], evidential hidden Markov fields [BEN 01],
or non-stationary hidden Markovian or semi-Markovian chains [LAP 06, LAP 07].
We note that the first theoretical results for the asymptotic behavior of ICE, valid in
the case of independent observations, have only recently been published [PIE 08], and
Markovian models offer a very interesting range of possible theorietical investiga-
tions. Finally, in certain parameterizations of exponential models, ICE and EM may
be equivalent [DEL 97].

We will present two variants of ICE which are well suited to PMCs, of increas-
ing generality. The first variant is a standard one involving parametric models, and
the second involves generalized mixtures and, in the context of PMCs with copulas,
contains original aspects.

4.4.1. ICE in a parametric model

In general terms, we will consider two stochastic processes (X,Y") whose distri-
bution depends on a parameter 0 = (61,...,0,) € R®. Suppose that the problem is
the estimation of 6 from the process Y, the only observable. It is then possible to use
ICE subject to the following two conditions:

(i) there exists an estimator A(X,Y") for # based on complete data (X, Y);
(ii) it is possible, for all 8, to simulate X using p(x|y, 0).

It should be pointed out that these conditions are not very restrictive. In fact (i) is
not really a condition at all, since if an estimator cannot be obtained that uses com-
plete data then the problem of estimation is also insoluble based on incomplete data.
Condition (ii) is almost always satisfied in problems where we are trying to obtain
X from Y using Bayesian methods; such methods generally require p(z|y, 6) to be
Markovian.

ICE is carried out in the following manner:

(i) 69 is taken as an initial value of 6;
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(i) 021 = E[0,(X,Y)|Y = y,09] is set for the components 6, of # for which
this expectation is calculable;

(iii) for the components 6,. of 6 for which the above expectation is not calculable,
m values 2%, ... x9™ of X are simulated using p(z|y,#9), and we set:

gort _ Or(@®y) + o 4 0n (2 y)
T ey .

A stationary PMC (X,Y) = (Xq,...,X,,, Y1,...,Y,,) will be said to be “para-
metric” when the distribution p(z1, 22) = p(x1, z2)p(y1, y2|21, x2) depends on a set
of parameters 6. We will divide the components of the vector ¢ into two sub-vectors.
The first defines the distribution p(z1, x2) over 02, and so contains k> components.
The second defines all the distributions p(y1, y2|x1,x2), and so contains (k — 1)k
groups of components, with each group corresponding to one (z1,x2) = (wi,w;). If
all these distributions are Gaussian, each group contains five real components: two
means, two variances and the covaraiance. In the Gaussian case the vector 6 therefore
contains k? + 5k(k — 1) components.

In order to simplify the notation, we will set p(i, j) = p(x1 = w;, z2 = wj), and
define 6;; as the group of parameters defining p(y1, y2|z1 = w;, z2 = w;). In order
to apply ICE, we must consider an estimator é(X ,Y') which relies on complete data
(X,Y"). The components p(i, j) can be estimated in a standard manner from X using
frequencies:

1[11:w¢,;ﬂ2:wj] + -+ l[wgn,lzwi,wgn:w]-]

pi.j) = ; (4.20)

n

where 1 4 is the indicatrix function for the set A.

The estimation of the groups 6;; based on (X,Y) is possible as long as each group
0;; can be estimated from a sample produced by p(y1, y2|z1 = wi, x2 = w;), which
we will assume is possible. Then, knowing X = = = (z1,...,22,), we define a
sub-sample vy of y = (y1,...,y2n) by (y21,y20+1) € y¥ if and only if (zo; =
wi, T21+1 = w;). Thus we obtain samples of the copulas (Y2, Y2;41) of distributions
defined by 6;;, which leads us to an estimator ;;. We will write ;;(z, y), knowing
that in this notation éij (x,y) only depends on %/, with this being defined using z =
(Il, e ,Ign).

For example, in the Gaussian case both means are estimated using empirical means,
and the covariance matrix by the empirical covariance matrix.

Since the estimator §(X,Y) is defined by (4.20) and the estimators ~ 0;;(X,Y),
ICE can be applied in the following manner. The calculation of the likelihood

E[er(Xv Y)|Y = yjeq]
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giving 091 is possible for the components of the first sub-vector of & given by p(i, j).
Knowing that the likelihood of an indicatrix function is the probability of the corre-
sponding ensemble, by taking the conditional expectation of (4.20) we obtain:

It ) =

p(r1 = wi, 22 = Wiy, 09) + - + p(T2n—1 = wi, Tan = wjly, 07)
n

421)

where the probabilities p(xa,—1 = w;, T2, = wj|y, 67) can be calculated from (4.10),
in Section 4.2. As for the groups of parameters 6;;, the conditional expectation is
not calculable, and step (iii) of the ECI is used, where simulations are used. We note
that since the distribution for X conditional on Y = y is a Markov chain with transi-
tions calculable using (4.9) (Section 4.2), the simulations do not pose any particular
problem. In practice, often a single sample ¢ is used, and we set 9?;1 = éij (z9,y).

4.4.2. ICE in a generalized mixture model with copulas

Consider a stationary PMC with a distribution defined by the probability density
p(z1,22) = p(x1,22)p(y1, y2|x1,22). Suppose that each of the (k — 1)k marginal
densities p;j(y1) = p(y1]r1 = wi,z2 = w;) has a form belonging to a set of ad-
missible forms, which will be denoted as ®¥/. For example we can imagine that
for two classes 2 = {w1,ws}, ®!! contains two elements: “Gaussian distributions”
and “gamma distributions”, ®2 = ®2! contains three elements: “Gaussian distribu-
tions, “gamma distributions” and “beta distributions”, and $22 contains two elements:
“Gaussian distributions” and “ K distributions”. The problem is then twofold: to iden-
tify the form of each of these densities, and to estimate the parameters that define the
density within the identified family. This type of problem, treated in [GIO 97] for
the case of HMC-IN models, is known as “generalized mixture estimation”. We will
describe an approach of this type, but extended to PMCs. This will firstly generalize
the approach presented in [GIO 97] and secondly generalize the approach laid out in
the previous subsection, by the use of copulas.

We said in Section 4.3 that each of the (k — 1)k distributions p;;(y1,y2) =
p(y1,Y2|z1 = wy, v2 = wj) is defined by (k—1)k marginal densities and (k—1)k cop-
ulas. Suppose that for each (i, j), the form of the copula associated with p;; (y1,y2)
belongs to the set X'/ of admissible forms. For each (i, j) we must therefore:

(i) select from ®% the marginal form p;;(y1) and estimate its corresponding pa-
rameters;

(ii) select from X% the form of the copula given by p;;(y1,y2) and estimate its
corresponding parameters.
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Consider the case of estimation from complete data, and suppose X = z =
(w1,...,22,) are known. As before, we define, for each (i, j), a subsample % from
y = (Y1, Y2n) by (Y21, y2141) € y* if and only if (x9; = w;, 241 = wj). Thus
for each (2, j) we have a sample of copulas (Y2;, Y2;41) whose marginal laws belong to

one of the families F}’, ..., Fﬁgw) within &% = {F}7, ... ,F;gz j)}- Supposing that
these families are parameterized respectively by 9? ey 9:{1'.3‘) and that adequate
estimators exist, we will denote their estimated values by éij ey éij(l e These

values give 7(7, j) “candidate” densities for the correct distribution, and one of these
candidates must be chosen in order to optimize some criterion which may be, as is the
case in [GIO 97], the histogram-based Kolmogorov distance. We will define H,’, Hy’
as the distribution functions of the marginal distributions that have been estimated in

this way; then the distribution of the copula (H J(Yy), HY (Yg)) is the copula we are

looking for. Supposing that it belongs to one of the families Ci‘j, cee Cj{i(i i) within
X ={cv,..., Cfi(i M }, we can then estimate m(7, j) “candidates” and chose the
one which minimizes some criterion, in a manner analogous to that used to find the

marginal distributions.

This whole procedure is then incorporated into ICE where, at each iteration, x is
replaced by the simulated x9.

Remark 4.4.1 We observed in Remark 4.2.1 that the standard habit of systematically
assuming the hidden process to be Markovian probably contributes to the persistent
use of “hidden Markov models” (HMMs), with simple noise models. We also observe
that the difficulties in studying parameter estimation in theoretical terms is probably
a second reason that these models persist. For example, PMCs are briefly mentioned
in [CAP 05], but the authors do not follow this line for very long, because they sub-
sequently consider theoretical results for maximum likelihood estimation which are
intimately linked to the Markovian nature of the hidden process.

4.5. Triplet Markov chains

The problem remains exactly the same as that considered in the previous sections:
recovering the hidden realization of the X chain from the observed realization of the
Y chain. For the case of a triplet Markov chain, we need to introduce a third random
chain U = (Uy,...,U,), which here we will assume takes finite values (each U,
takes its values from a finite set A = {\y,...,\,}), and assume that the triplet
T = (X,U,Y) is a Markov chain. We note that U may or may not have physical
significance; we also note that the TMC model is strictly more general than the PMC
model;inaTMCT = (X,U,Y), the chain Z = (X,Y) is not necessarily Markovian.
However, if we set V. = (X,U), the chain T = (V,Y) is a PMC and we can use all
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the results from the previous sections. In particular, the method of estimation of the
ICE parameters is applicable, including in the context of copulas.

In Bayesian MPM restoration, the advantage of TMCs is the fact that when the
cardinal of A is not too large, the a posteriori marginals p(z;|y) are calculable. In
fact, p(vi|y) = p(a;, u;ly) are such because T' = (V,Y") is a PMC, and so the p(z;|y)
distributions are simply given by:

plaily) = Y plxi, uily). (4.22)

u; EA

Thus we obtain a very rich model, which can give lead to a large number of specific
models. In the following sections we will discuss various situations where different
TMC:s are applied, sometimes in an unsupervised manner, to the restoration of hidden
data. In this section we will restrict ourselves to stating a result which generalizes the
various specific cases, which is very useful for understanding the nuances of specific
TMC models. Then, we will present two examples of TMCs, illustrating their richness
and how they differ from classical models.

The following result, which generalizes Proposition 4.2.1, allows the construction
of the different specific TMCs.

Let W = (G,H) = (G1, Hy,...,G,, Hy,) be a random chain, with each W; =
(G, H;) taking values from the ensemble given by the product I" x H. Let y be a o-
additive measure over I', and let 7) be a o-additive measure over H. We will assume W/
to be Markovian, and represent with the same letter p the various densities with respect
to the different measures v and 7. In practice, each of the measures v and 7 is either
the counting measure or the Lebesgue measure; however, mixed measures, involving
Dirac masses and the Lebesgue measure, can also be considered, as in [SAL 07].

We have the following result, whose proof follows the general outline of the proof
of Proposition 4.2.1.

Proposition 4.5.1 Let W = (G, H) be a Markov chain satisfying the following con-
ditions:

(a) p(w;, wit1) does not dependon 1 < i <n—1;

(b) p(w; = a,w;i+1 =b) = p(w; =b,w;11 =a) foralll <i<n-—1,a,andb.
The following three conditions are then equivalent:

(i) G is a Markov chain;

(ii) for all 2 < i < n, p(hilgi, gi—1) = p(hilg:);

(iii) for all 1 < i < n, p(h;lg) = p(hilg:),
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We will now present two examples. The first illustrates the fact that certain TMCs
can have complexities comparable to that of the classical HMC-IN model, and the
second generalizes classical mixture models.

Example 4.5.1 LetT = (X,U,Y) be a TMC whose distribution is given by p(x1, u1,y1),
with transitions p(ti11|t;) of the form:

p(tivilts) = p(uit1|wi)p(@iy1|wiv1)p(Yivalu,,,)- (4.23)

Such a TMC is relatively simple, while being very different from classical HMC-INs.
In particular, the following properties can be shown: U is a Markov chain; none of
the chains X, Y, (X,Y) are Markovian; X,Y are independent conditional on U .

This example shows that it is possible to very simply construct workable models
that are as simple as HMC-INs, but very different from them. In particular, none of the
three following properties which define HMC-ING: (i) X is Markovian; (ii) the random
variables Y71, ...,Y,, are independent conditional on X ; (i) p(yi|z) = p(y;|x;) for
alli =1,...,n,are satisfied by the model in Example 4.5.1.

Example 4.5.2 Consider the classical HMC-IN case given by (4.1), and suppose that
the densities p(y;|x;) are mixtures p(y;|z; = w;) = >, au; f1;(y:). Such models
are known as “mixture models”, and can in particular be used when the form of
the distributions p(y;|x;) is not known, in which case the latter are approximated by
mixtures, for example of Gaussian distributions [DIZ 07]. Such a model is a TMC
whose distribution is given by p(x1,u1,y1), and the transitions p(t;11|t;) have the
form:

P(tig1lti) = p(xip1|zi)p(wit1 |2 1)D(Yier [Wit1, Tig1) (4.24)

with p(u; = Nz, = wj) = aqj and p(yilu; = N, 2 = w;) = f1;(y;). We note that
in this example we have:
p(yilw) = p(yilx:). (4.25)

Consider now a stationary TMC, more general to that given by (4.24), whose distri-
bution has the form:

p(tiv1lti) = p(xiv1, wir1|zi, wi)p(Yir1 |Uiv1, Tig1) (4.26)

such that p(xiy1|uiv1, wi) # p(wip1|wiyr) and p(wip1|Tipr, ©) # p(Uip1|Tir).
The chain V= (X, U) is then Markovian and p(y;|u, x) = p(y;|u;, x;): thus (V,Y)
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is a classical HMC-IN. However, by applying Proposition 4.5.1 to G = X and
H = U, we can see that condition (ii) is not satisfied, and so X is not a Markov chain.
In a similar way it can be shown that (X,Y") is not Markovian either, and furthermore
that the random variables Y1, . .., Y, are not necessarily independent conditional on
X . Finally, we will show that p(y;|x) depends on all 1, . .., x,. We have p(y;|z) =
Dwien PWis wil) = 30, ea PWilw, wi)p(usl@) = 3_, cn P(yilai, ui)p(uilz), which
shows that p(y;|x) is a mixture whose coefficients p(u;|x) depend on all 1, ...,z
It can also be seen that the distributions p(y;|x;) are extremely rich mixtures: for k
possible values for each x,,, and m possible values for each u.,, the number of compo-
nents in the mixture p(y;|x;) is mk™ 1. So, setting t* = (x1,. .., i 1,Tit1,- -+, Tn),
we have p(yi|;) =

oo uyilw) = Y plyiles, a” w)p(a”, wlw) =
(z*,uq) (z*,uq)

Z p(yilzi, wi)p(ui|2)p(x*|z;) and mk™~1 is the number of possible (x*,u;) cop-
(z*uq)
ulas.

Thus, this model generalizes in a consistent manner, which can be useful in ap-
plications such as classical mixture models, in that p(y;|z;) is a mixture of mk™ 1
components instead of m.

4.6. Triplet Markov chains and non-stationarity

TMCs T = (X,U,Y) can be used to treat the non-stationarity of the chain Z =
(X,Y). The third chain U then has a physical significance, and each state in A =
{A\1,..., A} models a particular stationarity. More specifically, we will say that a
random chain Z = (X,Y) is an “m-stationary TMC” if a random chain U exists
with values in a set of m elements such that 7' = (X, U,Y) is a stationary TMC. U
then models the fact that there are m different stationarities, at random instances, in
the chain Z = (X,Y"). It is then possible to consider different types of restoration.
Classically, we could look for X = x, as described in previous sections. We could also
consider the copula (X,U) = (x,u), or even just the chain U = u. The flexibility
of Bayesian approaches then makes it possible, through various loss functions, to
propose various segmentation methods, which may be non-supervised, based on the
Markovian nature of the conditional distribution p(z, uly).

The advantage of using TMCs in the context of data which contain a finite number
of stationarities has been shown in the context of image segmentation through various
experiments presented in [LAN 04, LAN 05, LAN 06], an example of which we will
discuss below.
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We note that the introduction of a third chain modeling the different stationarities is
not original, because various “jump process” models, where the jump process fulfills
this role, have previously been proposed and studied. However, in these various such
models, the jump process is always assumed to be Markovian, which is, by virtue
of Proposition 4.5.1, a special case — and a relatively restrictive one — of the TMCs
discussed in this section.

Example 4.6.1 Consider a 256x256 binary image of a zebra, as shown in Figure 4.1.
The image is given by a square grid of pixels, where each pixel is either black or white.
The grid is transformed into a sequence using a “Hilbert-Peano” scan, as suggested
in [GIO 97]. We then obtain a chain X = x, and the observed image becomes a chain
Y = y. The synthetic noise is Gaussian, and spatially invariant, with a variance of
one for both classes, and with means of 0 and 2 respectively. Aside from the issue of
stationarity, the noise thus corresponds to the classical HMC-IN model. The observed
image is then segmented in two different manners: using the classical HMC-IN model,
and using the triplet model with a distribution given by:

p(z1,u1,y1) = p(er, ur)p(yilz1),

p(tisilti) = p(ipr, viva|wi, wi)p(Yira|wig). (4.27)
We note that the TMC used is a relatively rudimentary one: in particular, U andY are
independent conditional on X . The classical method gives X1 = 21 with an error
level of 7.2%, whereas the method using the TMC gives X2 = 22, with an error level
of 3.5%. In this example we are assuming that there are three different stationarities
in the image (m = 3). The determination of U = u then gives U = 4, which is
also shown in Figure 4.1, and it can be seen that the three different regions of sta-
tionarity, which are the background ( “black” stationarity), the relatively broad bands
found on the body of the animal (“grey” stationarity), and the relatively narrow bands
found on the neck and legs of the animal ( “white” stationarity) have been successfully
recovered.

Similar studies have been carried out in the context of images segmentation using
methods based on triplet Markov fields [BEN 05a, BEN 05b, BEN 07b]. In particu-
lar, such models and associated methods of treatment appear very promising in the
treatment of the important problem of texture classification [BEN 07a, BLA 08]. Fi-
nally, it should be mentioned that triplet Markov chains and fields allow the use of the
Dempster-Shafer theory of evidence in a Markovian context, which in particular also
allows the study of non-stationary data [LAN 05, PIE 06].

4.7. Hidden semi-Markov chains, and triplet Markov chains

In many areas of application, HMC-INs have proven insufficient, and more gen-
eral models have had to be used, models known as “hidden semi-Markov chains”
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Figure 4.1.
(a) Image X = x of a zebra, (b) a version Y = y with independent Gaussian

noise, (c) non-supervised segmentation using HMC-INs T = 7.2%, (d) non-
supervised segmentation using TMCs: T = 3.5%, (e) segmentation U = 1 into
three different stationarities using TMCs. T represents the error level.

(HSMC:s). Applications exist in the segmentation of medical images [FAI 05], speech
processing [MOO 04], and tracking [YU 03] (we should also mention hybrid models
which combine the “CMC” and “HSMC” aspects [GUE 05]). Given that a semi-
Markov distribution can be viewed as the marginal distribution of a Markovian distri-
bution, it can be seen that HSMC:s are a special case of TMCs. This observation allows
many extensions to classical HSMCs to be proposed within a unified framework. We
will use the rest of this section to briefly describe these.

4.7.1. Hidden semi-Markov chains as a special case of TMCs

Consider a process X = (X7, ..., Xy, ...), where each X takes values from ) =
{wi,...,wr}. X is a “semi-Markov” chain if its distribution is given by the distribu-
tion of X7, represented as p(x1), with the set of transition matrices (p(z;|zi—1))i>2
satisfying p(z;|z;—1) = 0 for z; = x;_1, and k sets of distributions over N*. For each
i =1, ..., k, the set of corresponding distributions will be denoted by p*(.|x,, = w;).
A realization of the semi-Markov chain X = (X1, ..., X,,, ...) is obtained in the fol-
lowing manner: (i) X7 = 7 is simulated based on p(z1); (ii) a positive integer
N7 = ny is simulated based on p*(.|x1); (iii) for 1 < i < nq, we set ; = x1; (iv)
Xny41 = Tn,+1 is simulated based on p(zy, +1|zn, ); a positive integer Ny = ng is
simulated based on p* (.|, ); etc.

A Markov chain is then a special case of a semi-Markovian chain in which p*(.|z,, =
w; ), which is the sojourn time distribution in w; given that the state was entered at time
n, is an exponential distribution. The introduction of HSMCs was inspired by the ob-
servation that in a number of real-world phenomena the sojourn time in a given state
is not exponential.

When considering a real observed process Y = (Y7,...,Y,,...), the distribution
for a HSMC is obtained by defining p(y|x) in the same way as for HMCs: for each



148  Inverse problems in imaging

nand X = (X1,....X,),Y = (Y1,....Y,), we set p(y|z) = p(y1]|z1)...0(Yn|zn).
It can then be shown that HSMCs are a special case of TMCs and so, at the expense
of a greater complexity to the calculations, they can be treated in the same way. The
chain U is such that, for each n, the remaining sojourn time of X, in z,, is modeled
by U, . If this time is greater that 1 then we have U, .1 = U,, — 1. We therefore have
the following result:

Proposition 4.7.1 A hidden semi-Markov chain is a triplet Markov chainT = (X,U,Y’),
with U, taking values from N*, defined by p(x1,u1,y1) = p(x1)p(ur|z1)plyr|z1)
and with transitions:

p(xn-i-l y Un+15 Yn+1 |xnu Un,, yn) = P($n+1 |=Tnu Un,, yn) X

P(Uny1 [T, Uns Yns ot 1)P(Yn 1|0, Uny Yns Ty 15 Ung1) (4.28)

given by (6 representing the Dirac mass):

51 (InJrl) lfun > 1
T LTny Un, Yn) = P\Tn LTp, Un) = " . 4.29
planealenstosin) = lanalansin = { NI TY a2
P(Un+1|$m$n+1a Un, yn) =
5u _1(un+1) lf’un >1
= plUun Tn41,Un) = " . 4.30
P(Unt1]Zni1 ) { PUni1|Tnir) if i = 1 ( )
p(yn+1|9€mumyn7un+1,$n+1) :p(yn-l-l'xn-l—l) (4.31)

Proof 4.7.1 The proofis immediate.

4.7.2. Extensions to hidden semi-Markov chains

The result given in Proposition 4.7.1 leads us to suggest two sets of generalizations
to HSMCs, using a number of recent results that apply to TMCs.

In the first set, we will remain within the general model 4.28, but consider various
extensions to identities 4.29-4 .31.

The first generalization is obtained by replacing p(x,,+1|2,) in Equation 4.29 by
P(Tnt1|Tn, yn) (for u, = 1). To see why this is a useful extension, imagine that the
indices of the various processes are the pixels of a line in a numerical image repre-
senting a scene consisting of three classes: “water”, “desert” and “forest”. Each X,
takes its values from Q = {w1,ws, w3}, each Y,, takes its value from the subset of R
of the possible numerical values, and the distribution p(y,,|z, ) models, among other
things, the “natural variation” (different types of sand, level of greenery in the forest,
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the color of the water, etc.). For z,, = ws and u,, = 1 we know that the forest ends at
n and the probability p(z,,41|x, = w3) determines whether the “water” or “desert”
class is found at n 4+ 1. We can then imagine that the probability of finding “water”
at n + 1 depends on the nature of the forest at n: the greener the forest, the higher
chance of finding water at n + 1. This is an example of how replacing p(z,+1|%y)
with p(@,,41|n, yn) can have a physical justification. Furthermore, it is now clear
that this type of extension can improve the treatments significantly. By applying it in
the simplest context, where replacing p(2,,41|2,) With p(2y,41|%n, yn) turns hidden
Markov chains into pairwise Markov chains, it is possible to significantly improve the
quality of the non-supervised segmentation of certain images [DER 04].

Similar reasoning leads to a justification for a generalization of Equation 4.31 in
which p(y+1|Tn41) is replaced with p(yp,+1|Tn+t1, T, ), which is a second extension
to the model described by Equations 4.29-4.31. Given that u,,; represents the resid-
ual sojourn time of X, 41, X,,12,... in x,,, we can imagine, returning to the earlier
example, that the aspect y,,+1 of the class x,,+1 depends on this sojourn time (an iso-
lated tree presents mean characteristics which are different to a tree contained within
a forest), and so it is the case that p(y,+1|%Tn, Tnt1, Unt1) Z P(Ynt1]Tn, Tnt1). We
can also imagine that the mean aspect (and so the distribution of Y,, ;) of the class
Zpn+1 is different depending on whether there is a change of class between n and n+ 1
(which is equivalent to u,, = 1), or not (which is equivalent to u,, > 1). This means
that p(yn-i-l |xn7 Uy Tp+1, un+1) # p(yn-l-l |xn7 Tn+1, un-l-l)- Finally, we could also
imagine that p(uy,,41|z,+1) in 4.30 also depends on y,, .

When we consider these two extensions together, Equations 4.29-4.31 become:

P(Tnt1]Tns Uns Yn) = P(Tng1|Tns Un) = Ou, (Tpi1) ifuy > 1,
and p('rn+1|'rn7yn) ifu, =1. (4.32)
P(Un41]Tn, Tng1; tn, Yn) = p(Unt1|n, Tni1) = Ou, -1 (Ung1) if un > 1,
and p(upn+1|Tnt1,Yn) if uy = 1. (4.33)

p(yn-i-l |xn7 Uy Yny Un+1, wn-i—l) = p(yn-i-l |xn7 Upy Un+1, :En-l-l)' (434‘)

Extensions 4.32-4.34 to the transitions in 4.29-4.31 can thus be solidly justified; in
other words, 4.29-4.31 are simplifications of real-world situations which can clearly
be seen to have an impact on the quality of the treatment.

The second set of extensions is obtained by making use of the fact that the TMC
T = (X, U,Y) from the proposition in the previous section is alsoa PMC T = (V| Y),
with V' = (X, U). The classic transition from a pairwise chain to a triplet chain can
then be carried out, by considering a latent process W = (W7, ...., W,,, ...), with each
W; taking its values from A = {A1, ..., A, }, and a new triplet chain 77 = (V, W, Y').
All the cases considered in the first set we discussed can then be extended to 7" by
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replacing (x, u) with (z,u, w) in every transition in each of the models. The models
of the first set allow the estimation of (z, u), and so those of the second set allow the
estimation of (x, u, w). These various estimations give the z that is to be determined.

4.8. Auxiliary multivariate chains

The various properties of the hidden random chains modeled by TMCs, as dis-
cussed in the previous sections, can be considered all together, which leads to a large
number of specific models. This involves considering an auxiliary chain U in the
multivariate form U = (U',...,U%), where each U’ models a particular property,
which could be one of the ones discussed in the preceding sections. This rapidly
leads to fairly complex models whose implementation, particularly in the case of non-
supervised methods, quickly becomes rather demanding. In terms of the practical
usefulness of such models, at least two questions then come up:

(i) since classical HMC-IN models have had their robustness demonstrated, is the
gain from the greater generality of such models enough to justify their use, even when
we assume that we are using optimal parameters?

(ii) given that the number of parameters grows rapidly in models which rely on
auxiliary multivariate chains, do those estimation methods which allow non-supervised
treatments not run the risk of failing, particularly in the presence of high noise levels?

It is very difficult to answer these questions in general terms; furthermore, these
models have only very recently been introduced, and so there are very few practical
studies published on them. Nevertheless, the results from some studies have been
very positive. Next we will present results for TMCs, modeling both the semi-Markov
nature of the hidden chain and its non-stationarity [LAP 06].

Consider a TMC T = (X,U,Y), with U = (U, U?), X = (X1,....,X,),
Ul = (U},.., U, U? = (U?,..., U} and Y = (Y3,...,Y,). The variables X;,
U}, U? and Y; take their values from Q = {w1,...,wr}, Ay = N*, Ay = {1,...,m}
and R respectively. The process U' models the semi-Markov nature of X, and the
process U2 models its non-stationarity. The distribution of T is given by p(t;) and
the transitions p(¢;41[t;), which can be written in a number of different ways. Let us
consider the following specific case:

p(tiv1lt:) = p(u12+1 |4, u%, uf) X

Xp($i+1 |u12+17 Li, u%, u%)p(ubrl |xi+17 u12+17 Li, u117 uzz)p(yi-‘rl |xi+1) (4.35)

with:

p(u12+1|:1:1-, u%a u%) = 6uf (u12+1) lf ull > 17

and p(uf, |u?) if u} = 1; (4.36)
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P(i|ufy, wisui, uf) = 0p, (wipn) if ug > 1,
and p(z;p1|uf q, z;) ifu} = 1; (4.37)
pujy i, wir, ug,uf, uf ) = 5u}—1(“}+1) if uj > 1,
and p(ujyq|@ip1,uiy ) iful = 1. (4.38)

We will also assume that for u} = 1in (4.37) we have p(z;41 = @;|u?, ;,2;) = 0; the
realization U! = u} then represents the exact remaining sojourn time for the chain X
in state x;.

This type of model was investigated in [LAP 06], and the first numerical results
are promising. These results involve a model that is slightly different to the preceding
one, with the difference being that A; = {1,...,1} is considered to be finite and, for
u! = 1in (4.37), it is assumed that p(z;11 = x;|u? ,2;) can be non-zero; the
realization U! = u} represents the minimum sojourn time of the chain X in state
x;. Such a model is similar to a very classical type of hidden Markov chain model.
The chain V = (X, U, U?) is a finite discrete chain, with each V; taking its values
from Q x Ay x Ay = {wy, ..., wr} x {1,...,1} x {1,...,m}, and noise is introduced
in the classical manner through p(y;|v;) = p(yi|z;). With T assumed stationary, its
distribution is defined by p(t1, t2) = p(v1, v2)p(y1]z1)p(y2|z2). In the Gaussian case,
we then have, in the most general case, (klm)? parameters defining p(vy,v2), as well
as k means, and k variances defining the distributions p(y;|z;).

We note that the assumption p(y;|v;) = p(yi|z;) implies that the chains Y and
(U LU 2) are independent conditional on the chain X, which might, a priori, be ex-
pected to lead to difficulties in estimating (U, U?). However, no such difficulty ap-
pears in practice. We will next present two sets of results.

In the first, we will simulate a triplet Markov chain T = (X,U,Y) satisfying
(4.35-4.38), with (4.37) modified as discussed earlier. Then, the realization ¥ = y
will be segmented using three MPM methods, which will be based on:

— classical hidden Markov chains with independent noise (HMC-IN);
— hidden semi-Markov chains with independent noise (HSMC-IN);

—the true TMC model; this is a non-stationary hidden semi-Markov chain
(NSHSMC-IN).

The aim of this investigation is to test whether the first two methods are able to
approach the optimal solution, given by the third method, in terms of the quality of
their solutions.

The TMC model to be considered is as follows. Let k = 2,1 = 5 and m = 2.
The two Gaussians modeling the noise have the same common variance, equal to 1,
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.. . 0.999 0.001
2 2y
and means of 1 and 1.5. In addition, we will take p(u?,, |[u}) = ( 0.001  0.999 )
in (4.36),
0.99 0.01 0.7 0.3
_ 5 N _ 2 N
p(I1+1|ui+1 - 07551) - ( 0.01 0.99 > andp(a?1+1|ui+1 o 1,$Z) B < 0.3 0.7 )

in (4.37),and p(u}, 1 |@iy1,u? ;) = 0.1in (4.38).

(d) HMC-IN, error  (e) HSCM-IN, (f) NSHSMC-IN, (g) u?
of 34% error of 22% error of 17%

Figure 4.2. Realization of (X, U2, Y'), and non-supervised segmentations with
HMC-IN, HSMC-IN and NSHSMC. @* is the estimate of U* = u® with
NSHSMC-IN.

The parameters that define the respective distributions of X required for the calcu-
lation of segmentations based on HMC-IN and HSMC-IN models are estimated from
X . The results shown in Figure 4.2 show the method based on the classical HMC-IN
gives fairly mediocre results, both visually and quantitatively, with an error level of
34%. These results are improved by the method based on the HSMC-IN model; visu-
ally, the two stationarities can start to be distinguished, and the error level falls to 22%.
This first comparison shows that the semi-Markov nature of the hidden data cannot be
ignored, despite the very good robustness of classical HMC-IN models. It is also in-
teresting to note that this first comparison was made in the context of non-stationary
data, which is not the case for either of the two models being compared. Finally, the
optimal segmentation using the NSHSMC-IN model gives very good visual results,
with an error level of 17%. This example thus demonstrates a simple situation where
classical HMC-IN models do not work; furthermore, the simultaneous use of two aux-
iliary chains leads to improved results compared to those obtained by using only one
of the chains.

In the second series we will consider data which does not correspond to any of the
three models listed above, and the aim is to show that there are situations in which
the use of TMCs, which use the most complete and most complex model of the three
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types, is useful. The parameters required for the implementation of the various meth-
ods will be estimated using ICE.

We will consider a hand-drawn image, represented in Figure 4.3. We will dis-
tinguish two types of stationarities — or “textures” — which will be considered as a
realization u? of the auxiliary chain U2, and also shown in Figure 4.3. The image of
the classes X = z then has noise added in the form of two Gaussians with means of
1 and 1.5, and variances both equal to 1, which gives the observed image ¥ = y. As
earlier, the latter is then segmented by three non-supervised MPM Bayesian methods,
with the parameters being estimated by ICE type methods, based on the three HMC-
IN, HSMC-IN and NSHSMC-IN models. We can see that the trend from the previous
set remains: the use of the HMC-IN model gives poor results, with an error level of
35%, HSMC-IN improves on this with an error level of 23%, and NSHSMC-IN gives
still better results, with an error level of 14%. In addition, the three methods of esti-
mation of the noise parameters give comparable results, shown in Table 4.1. From this
we can conclude that despite the increasing generality of the models, which implies a
growing number of parameters to be estimated, and hence an increasing difficulty of
estimating them in a practical manner, the quality of the estimate obtained in all three
models is comparable.

Thus this second series of experiments has helped confirm the existence of situ-
ations in which questions (i) and (ii), put forward at the start of the section, can be
answered. It is clear that non-supervised treatments based on HMC-IN can be inef-
fective, and that NSHSMC-IN models can reliably produce impressive solutions. It is
also interesting to observe that the results based on HSMC-INs have an intermediate
level of quality. This demonstrates that the addition of successive auxiliary chains
improves the results obtained for data which does not, a priori, follow any model. In
terms of the behavior of the ICE, we note the good estimation of the noise parameters.
Finally, we should observe that the Peano scan applied to the set of pixels produces
a non-stationary chain, even in the case of “visually” stationary images, which rein-
forces the importance of these results.

4.9. Conclusions and outlook

In this chapter we have presented a number of recent results involving “triplet
Markov chain” models (TMC) T' = (X, U, Y"), where the observed process Y takes
continuous values, whereas the hidden process X, as well as the auxiliary process U
take values from finite sets. Such a model offers a very wide variety of specific models.
Some of these are extensions of classical models; others allow the treatment of specific
cases which are important in the real world, such as non-stationary random processes.
TMCs of increasing complexity also allow a unified treatment of problems which
combine a number of different classical aspects. In particular, we presented results of
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Figure 4.3. Realization of (X,U?,Y), and non-supervised segmenations
using HMC-IN, HSMC-IN and NSHSMC. T is the error level, and u? is the
estimate of U? = u? using NSHSMC-IN.

Classe| HMC-IN | HSMC-IN |NSHSMC-IN
Mean|S.D.|Mean|S.D./Mean| S.D.
wi | 0.8410.91]| 1.09 |1.04| 0.9 | 0.94
wo | 1.65 [0.89] 1.46 |1.02| 1.49 | 0.99
T 35% 23% 14%

Table 4.1.
Estimation of noise parameters, corresponding to the data in Figure 4.3, using

the ECI method in the HMC-IN, HSMC-IN and NSHSMC-IN models. T is the
error level obtained by applying the MPM Bayesian method using the estimated
parameters.

segmentation of non-stationary hidden semi-Markov chains. Finally, copula theory,
recently introduced in the context of pairwise Markov models [BRU 05a, BRU 05b],
offers the possibility of highly detailed noise models. In all the cases considered, the
general “iterative conditional estimation” (ICE) learning method allows the param-
eters for a wide range of models to be estimated, and thus lays the foundation for
non-supervised Bayesian segmentation methods.

We note that similar studies are currently being carried out on models where the
three chains X, U and Y are all continuous, and a number of promising results have
been published already [DES 03a, DES 03b, FQU 06]. The addition of U allows clas-
sical filtering or smoothing problems to be considered within more general models,
with the aim of providing better correspondence to real data. In particular, it can be
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shown that all these treatments, whether exact due to the Gaussian nature of the pro-
cesses of interest [DES 03a, FQU 06], or approximated through specific filtering or
smoothing techniques [DES 03b], can easily be extended to new models. As in the
case considered in the current chapter, the introduction of the auxiliary chain leads to
highly general models, in which (X, Y) is not necessarily Markovian [DES 03a].

Other possibilities exist of mixing chains with continuous values and chains with
discrete values, and can lead to new models and associated treatments, which may
provide better correspondence with particular situations, thereby improving the results
obtained using classical approaches. We refer the reader to the example considered
in [BEN 07a], where the chain X is discrete whereas the chains U and Y are con-
tinuous. Finally, the choice between “discrete” and “continuous” is not exhaustive,
and we could consider chains formed from variables which can take “mixed” distri-
butions, consisting of both a continuous and a discrete part. The first models of this
type were proposed in the context of independent data in [CAI 93]; then, a number of
hidden Markov models with “mixed states” were introduced (fields [PIE 94], chains
[GER 02], and trees [MON 03]). These various models are normally used for fuzzy
segmentation [CAR 06, RUA 00, RUA 02, SAL 06]; we should also mention a more
general interpretation of the continuous part of the mixed measure, recently used to
model textures in [BOU 06]. All these models can be extended to triplet models,
and the first study of this type, which treats the non-stationarity, was very promis-
ing [SAL 07].

The “Markov chain” models studied in this chapter can relatively directly be ex-
tended to “Markov tree” models, which also have many possible applications, no-
tably in multi-resolution imaging. The first “Markov pair” type models [DES 05,
DES 06, MON 03], which can be easily generalized to Markov “triplets”, can there-
fore easily benefit from the various generalizations studied, or simply suggested, in
the context of chains. In addition, a certain number of considerations discussed in
this chapter in the context of Markov chains can easily be adapted to Markov fields.
Triplet Markov fields [BEN 05a] thus offer the possibility of modeling and treating
non-stationary fields [BEN 05b], or treatments of the important problem of texture
classification [BEN 05b, BLA 08]. We note that a link with the “theory of evidence”,
not discussed in this chapter, was also established and studied in [BEN 05a, PIE 06].
Other models described in this chapter in the context of Markov chains, in partic-
ular those involving multivariate auxiliary fields or mixed probability measures, are
among the most promising prospects. We note that these different considerations can
be extended to general graphical Markovian models. Furthermore, these additions can
be envisaged in the context of “partially Markov” models, as proposed (for chains)
in [PIE 05]. The first studies of these models, which allow the introduction of “long
memory” noise, have produced encouraging results [LAN 08, LAP 07].
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Finally, we note the possibility of considering multivariate observations, including
those of different natures, as in [BRI 06, BRI 08], which further increases the range
of original triplet Markov models that can be constructed.
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